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1 ) i s c u s s i o n  P a p e r s  a r e  p r e l i r n t n a r y  m a t e r i a l s  c i r c u l a t e d  
s t i m u l a t e  d i s c ~ s s i o n  and c r i t i c a l  comment. R e f e r e n c e s  i n  
p u b l i c a t i o n  t o  D i s c u s s i o n  P a p e r s  s h o u l d  b e  c l e a r e d  w i t h  
the a u t h o r ( s )  t o  p r o t e c t  t h e  t e n t a t i v e  c h a r a c t e r  o f  t h e s e  
p a p e r s .  
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MULTI-LEVEL PROG!?AI@4ING 

Wilfred Candler and Roger Norton* 

1 .  Introduction 

The s u b j e c t  of t h i s  paper  is t h e  fo l l owing  problem: t h e  behavior  

of a system nay be  adequate ly  desc r ibed  by a  mathematical  programming model, 

b u t  t h e r e  may b e  e x t e r n a l  c o n d i t i o n a l  c o n t r o l s  imposed on t h e  system. I f  

t h e  c o n t r o l s  a r e  c o n d i t i o n a l  i n  t h e  sense  t h a t  t h e i r  va lues  depend upon t h e  

sys tem's  r e a c t i o n s  t o  them, t hen  they cannot be  r ep re sen t ed  by exogenous 

c o n s t r a i n t s  on t h e  mathematical  programming model. To s o l v e  t h e  problem, 

an a lgo r i t hm is  r equ i r ed  which pe rmi t s  t h e  s imultaneous and in te rdependent  

func t ion ing  of two op t imiza t ion  processes .  

T h i s  problem is  r e l e v a n t  t o  b io logy ,  eng inee r ing ,  and o t h e r  d i s-  

c i p l i n e s ,  bu t  economics is t h e  con tex t  here .  The problem a l r e a d y  has  been 

con£ ronted i n  v a r i o u s  g u i s e s  i n  economics, a s  i n d i c a t e d  below. 

Mathematical  prograurmihg'models of economic systems a r e  f r e q u e n t l y  

used t o  r e p r e s e n t  maximization of p o l i c y  o b j e c t i v e s ,  s u b j e c t  t o  t e c h n i c a l  - 
c o n s t r a i n t s  (such a s l i npu t -ou tpu t  accounts )  and a l i m i t e d  number of 

L - - * - 
* Wilfred Candler  ig i n  t h e  Economics Branch of A g r i c u l t u r e  Canada, 

Ottawa, and Roger Norton is i n  t h e  Development Research Center  of 
t hc  World B ~ n k .  The op in ions  expressed a r e  t hose  of t h e  a u t h o r s  
and a r e  no t  n e c e s s a r i l y  endorsed by t h e i r  o rgan iza t ions .  The 
a s s i s t a n c e  of Lloyd Davies w i t h  computat ional  a s p e c t s  i s  g r a t e -  
f u l l y  acknowledged. Very s p e c i a l  thanks f o r  unusua l ly  thorough 
comments on an  e a r l i e r  d r a f t  a r e  due s e v e r a l  pe r sons ,  i n  p a r t i c u-  
l a r  C l i v e  B e l l ,  Johannes Bisschop,  David Cap l in ,  Shantayanan 
Devnrajan, Jack Duloy, Alex Meeraus, Pasqua le  Scandizxo and 
'i'. N. S r i n i v a s a n .  



'1 ~ o l i c y  i n s t r u -  b e h a v i o r a l  c o n s t r a i n t s  ( such  as a  consumption func t ion) .-  

nlcnts t o  a c h i e v e  t h e  o b j e c t i v e s  a r e  i nc luded  w i t h  wide ly  v a r y i n g  d e g r e e s  

of s p e c i f i c i t y .  

- 
More r e c e n t l y ,  programming models have been used t o  s i m u l a t e  t h e  

r e sponse  of d e c e n t r a l i z e d  behav io r  t o  p o l i c i e s  r a t h e r  t han  t o  maximize a 

I n o l i c y  f u n c t i o n  d i r e c t l y .  I n  t h i s  c a s e ,  a market  s t r u c t u r e  i s  s p e c i f i e d  

( compe t i t i ve ,  m o n o p o l i s t i c )  and i n d i v i d u a l  d e c i s i o n  r u l e s  may a l s o  b e  

s t a t e d  ( p r o f i t  maximizat ion,  r i s k  a v e r s i o n ,  e t c . ) ,  and t h e  o p t i m i z a t i o n  

procedure  i s  enployed as a  d e v i c e  t o  e n s u r e  t h a t  t h e  model 's  so lu t i ons  

r e f l e c t  t h a t  behav io r .  T h i s  u se  of mathemat ica l  programming was f i r s t  

sugges t ed  by Samuelson [16 ] ,  and l a t e r  i t  was implemented i n  modlsls f o r  

n ; : r i cu l tu re  [5 ,  181. 

I n  t h e  f i r s t  c a s e ,  a p o l i c y  o b j e c t i v e  f u n c t i o n  is maximized, and 

i n  t h e  second c a s e  a b e h a v i o r a l  o b j e c t i v e  f u n c t i o n  i s  maximized. When t h e  

l a t t e r  is done,  t h e  " p o l i c y  space1'  i s  s ea r ched  i n f o r m a l l y  a t  a d i s c r e t e  

number of p o i n t s  by conduc t i ng  s o l u t i o n s  under a l t e r n a t i v e  exogenous v a l u e s  

of t l le p o l i c y  i n s t rumen t s .  I n  n e i t h e r  c a s e ,  however, i s  t h e  p o l i c y  problem 
. t 

comple te ly  f o k u l a t e d .  A f u l l  s t a t e m e n t  o f  t h e  p o l i c y  problem r e c o g n i z e s  

c x p l i c l t l y  two sub-problems: a )  t h e  b e h a v i o r a l  s i m u l a t i o n  subproblen: o r  
-9 

i 

tllc question of forecas t i n g  t h e  r e a c t i o n s  t o  p ' b l i c i e s  of decen t r . a l i z ed  - 
d c c i s i o n  makers ,  and b )  t h e  p o l i c y  o p t i m i z a t i b  subproblem i t s e l f ,  which .. 
is t h e  q u e s t i o n  of  choos ing  acco rd ing  t o  a s e t  of p o l i c y  p r e f e r ences .  I n  

o t h c r  t e rms ,  t hey  a r e  t h e  p o s i t i v e  and normat ive  subproblems, r e s p e c t i v e l y .  

I /  A t  t h e  economy-wide l e v e l ,  some e a r l y  and well-known examples a r e  t h e  -- 
models of Sandee [17]  and Manne [14] .  



I n  some s i t u a t i o n s ,  e s p e c i a l l y  i n  a g r i c u l t u r e ,  t h e  b e h a v i o r a l  

s i m u l a t i o n  subproblem is most a d e q u a t e l y  f o r m u l a t e d  i n  t e rms  oE maximiza-  

t i o n  s u b j e c t  t o  i n e q u a l i t y  c o n s t r a i n t s ,  o r  m a t h e m a t i c a l  progralnming. How- 
- 

e v e r ,  when t h i s  is s o ,  r e p l a c i n g  t h e  b e h a v i o r a l  o b j e c t i v e  f u n c t i o n  by a 

I p o l i c y  o b j e c t i v e  f u n c t i o n  w o ~ l d  d e s t r o y  t h e  b e h a v i o r a l  f o r m u l a t i o n .  The 

nindrl o l  - r e a c t i o n s  --- -- t o  p o l i c i e s  ~ 1 0 1 1 l c l  no l o n g e r  have  a  c l e a r  concep tua l .  b a r  

c m j ) f r i c a l  b a s i s ,  and t o  t h a t  e x t e n t  t h e  p o l i c y  r e s u l t s  from t h e  model  would 

2 / br  l c s s  rnc,aningrul. - 

'This Ilaper o f f e r s  a  p rocedure  f o r  combining t h e  p o l i c y  s u b p r a b l e m  

and t h e  b e h a v i o r n  i s i m u l a t i o n  subproblem i n  a  programming model which con- 

I t a i n s  two d i s t i n c t  and o p e r a t i v e  o b j e c t i v e  f u n c t i o n s .  When folrmulated i n  

t h i s  way, t h e  p r o c e d u r e  i s  s e e n  t o  b e  a  g e n e r a l i z a t i o n  of m a t h e m t i c a l  

p ro~romming .  A s  m a t h e m a t i c a l  programming a l g o r i t h m s  c a n n o t  so:Lve t h i s  

problem, n new a l g o r i t h n  h a s  been developed. I t  i s  sumnar ized i n  s e c t i o n  

'I h t l n w ,  and n n u m e r i c a l  example i s  r e p o r t e d  i n  s e c t i o n  5. 

P r e v i o u s  t r e a t m e n t s  o f  t h e  problem o f  two o b j e c t i v e  f u n c t i o n s ,  P n  

t h c  c o n t e x t  of  t h e  m u l t i - l e v e l  p l a n n i n g  l i t e r a t u ~ ~ ,  a l l  have been  c o n c e r n &  
L 

w i t h  s p e c l f i c a t i o n s  which cou ld  i n  p r i n c i p l e  b e  r e p r e s e n t e d  a s  a s i n g l e  

- 
i . - - - - - - - - - - - - -- - -- - - - -- .a 

/ I ' I I ( .  !;;irnr. :irp,t~nc.n t liol{ls f o r  impos inp, on t h e  behnvi  o r a l  s i m u l a  t i o n  ' 
~ i i c ) f l ~ , I  ;I !:el n l  poLicy-rno~iv:itctl c o n s t r a i n t s  which have n e i t h e r  - * 
I,r*ll.lviornl nor  tecjl inicnl  i n t e r p r e t a t i o n .  The m o d e l ' s  meanling is 
1 1 o t  c l c n r  whcn n  trcl invioral  o b j c c  t i v c  f u n c t i o n  is  maximized s u b  jcct' 
L O  :;:~jr, a  minimum ernplovrnent c o n s t r a i n t .  (IIow is  t h e  c o n s t : r n i ~ l t  
r n f o r c c d  i n  r e a l i t y ? )  The meaning i s  c l e a r ,  however,  if tlie 
I~c1i:iviornl max imiza t ion  t a k e s  p l a c e  s u b j e c t  t o ,  s a y ,  a wagc s u b s i d y  
wlilch is clesignccl t o  promote elnployment. 



I 

4 .  

3 / 
( l a rge- sca l e )  mathematical  p rog ra i a i - l g  problem [ 9 ,  p.2101.- For v a r i o u s  

r ea sons ,  i n c l ~ r d i n g  l a c k  of f u l l  in format ion  a t  t h e  o u t s e t ,  s o l u t i o n  

I procedures  have been sought  through a  sequence of mathematical  programs 

Other  proposed methods, such a s  "goal  programming", i n  e f f e c t  

add re s s  t h e  problem of choosing weights  i n  t h e  p o l i c y  o b j e c t i v e  [ 1 2 ] ,  bu t  

51 
they suppres s  t h e  two-way i n t e r a c t i o n  between t h e  o b j e c t i v e  funct ions.-  

The n o t i o n  of two in te rdependent  groups of economic a c t o r s  h a s  

been expressed  by T h e i l ,  i n  t h e  con tex t  of ecorlometric estimate:; of 

behavior  119, pp. 372-751. I f  t h e  b e h a v i o r a l  s t r u c t u r e  has  been maintained 

over  t ime,  and i f  t h e r e  has  been adequate  exper ience  over  t h e  r e l e v a n t  

3 /  In  t h i s  r e s p e c t ,  of cou r se ,  t he  prev ious  problem s p e c i f i c a t i o n s  - 
d i f f e r  from t h e  one g iven  i n  t h i s  paper.  The mu l t i- l eve l  p lanning  
methods u se  t h e  i t e r a t i o n s  a s  a dev ice  f o r  s u c c e s s i v e l y  t r a c i n g  
o u t  p o i n t s  i n  t h e  f e a s i b l e  space  of t h e  behav io ra l  subproblem; 
however, t h e  c o n t r o l  over  bo th  behav io ra l  and p o l i c y  v a r i a b l e s  i s  
r e t a i n e d  a t  t h e  l e v e l  of t h e  po l i cy  subproblem. By c o n t r a s t ,  i n  
m r ~ l t i - l e v e l  programming, a s  def ined  i n  t h i s  paper ,  c o n t r o l  over  
b e h a v i o r a l  v a r i a b l e s ,  i n  r e a c t i o n  t o  any p o l i c y  op t ion ,  is l e f t  a t  
t h e  ( d e c e n t r a l i z e d )  b e h a v i o r a l  l e v e l .  

, I - 41 I n  any e v e n t ,  t h e  i t e r a t i v e  mu l t i- l eve l  p lanning  a r e  s o  
cumbersome t h a t  i n  p r a c t i c e  an a c c e p t a b l e  r a t e  of numerical  
convergence is r a r e l y  a t t a i n e d .  In  f a c t ,  guaranteed convergence 
of t h e  sequence of i t e r a t i o n s  has  been proven only f o r  p a r t i c u l a r  
s t a t e m e n t s  of t h e  o b j e c t i v e  func t ion  and on ly  Car t h e  i n f i n i t e -  
i t e r a t i o n  c a s e  [ B ,  131. I n  r e c o g n i t i o n  of t h e s e  p r a c t i c a l  
d i f f i c u l t i e s  Kornai [ 9 ]  ha s  suggested abandoning convergence a s  
an aim, a rgu ing  t h a t  i n  p r a c t i c e  only a  f e e  i t e r a t i o n s  wou:Ld be  
c a r r i e d  ou t  i f  t he  two o b j e c t i v e  funct ions 'were s p e c i f i e d  i n  a  
r e a l i s t i c  way. (For an example of numer ica l  mu l t i- l eve l  p lanning  
procedures ,  s e e  [61. ) 

5 /  " ~ e a c t i v e  programming" [20] ,  wh i l e  r ecogn iz ing  two groups of 
economic a c t o r s ,  is  an i t e r a t i v e  procedure f o r  a t t a i n i n g  a 
8;olution to j u s t  t he  behav io ra l  s imu la t i on  p r o b l a ~ ~ .  



range of p o l l c y  v a r i a b l e s ,  then  t h e  eccnometr ic  approach can y i e l d  very 

s a t i s f a c t o r y  e s t i m a t e s  of t h e  op t imal  v a l u e s  of  t h e  po l i cy  v a r i a b l e s .  

Also i n  t h e  c o n t e x t  of econometr ics ,  Marschak gave a  very  c l e a r  d e f i n i t i o n  
- 

of t h e  mu l t i - - l eve l  programming problem i n  a  c l a s s i c  e a r l y  work [ I S ,  pp.1-21. 

The m u l t i- l e v e l  p r o g r a m i n g  problem a l s o  is c l o s e l y  r e l a t e d  t o  

game theory.  It is  shown below ( s e c t i c n  4 )  t h a t ,  i n  terms of  ]?roblem 

Formulat ion,  t h e  S t acke lbe rg  game is a  s p e c i a l  c a se  of mu l t i- l eve l  program- 

ming. Ilowever, t h e r e  i s  a ve ry  important  d i f f e r e n c e  i n  t h a t  s o l u t i o n  of a  

game r e q u i r e s  e x p l i c i t  knowledge of " r e a c t i o n  func t ions ,"  whertras they  a r e  

allowed t o  be i m p l i c i t  i n  t h e  a c t i v i t y- a n a l y s i s  format of mu l t i- leve l  

programming. 

I n  t h e  fo l lowing  s e c t i o n s  of t h i s  pape r ,  mu l t i- l eve l  programming 

I is e x p l i c i t l y  de f ined ,  i t s  r e l a t i o n  t o  convent iona l  mathematical  programnl.ng 

is g iven ,  an  a lgo r i t hm is o f f e r e d  f o r  i t s  s o l u t i o n  when t h e r e  a r e  only two 

o b j e c t i v e  f u n c t i o n s  and when a l l  func t ions  a r e  l i n e a r ,  and a  snnall 

numerical  example is presen ted .  I n  conc lus ion ,  some remarks a r e  made 

about  uniqueness  of s o l u t i o n s .  The a lgo r i t hm i s  a  modified v e r s i o n  of t h e  
I e 

simplex a lgo r i t hm.  The numer ica l  example is adapted  from Louwes, Boot, 

and wage's a n a l y s i s  of t h e  op t ima l  p r i c i n g  of mi lk  products  i n  t h e  - 
~ c t h c ' a n n d s  [ l l ] .  - - 

* 

2.  Mati- Zeus I Programing: The 1Wo-Leve 2 Case # - . 
The e s sence  of t h e  m u l t i- l e v e l  programming problem is t h a t  p o l i c y  

makers a r e  a t t empt ing  t o  maximize a p o l i c y  o b j e c t i v e  f u n c t i o n ,  wh i l e  con- 

t r o l l i n g  on ly  a  sub-set  of t h e  v a r i a b l e s .  The v a r i a b l e s  c o n t r o l l e d  by 

p o l i c y  makers a r e  c a l l e d  p o l i c y  v a r i a b l e s ,  t h e  v a r i a b l e s  which e n t e r  t h e  



po l i cy  makers '  o b j e c t i v e  f u n c t i o n  a r e  c a l l e d  impact v a r i a b l e s ,  w h i l e  t h e  

v a r i a b l e s  which a r e  c o n t r o l l e d  by o t h e r  d e c i s i o n  makers a r e  r e f e r r e d  t o  

a s  b e h a v i o r a l  v a r i a b l e s .  A l l  t h r e e  c l a s s e s  of  v a r i a b l e s  are endogenous. 

I n  t h e  two- level  c a s e ,  t h e  mu l t i- leve l  programming problem may be  s t a t e d  

a s  fol lows.  

Find a  v e c t o r  - x = ( f l ,  32) such t h a t :  

f 2  = max (c '  x) 
-2 - (1) 

52 

s u b j e c t  t o  

and 

where x  is a  v e c t o r  of behav io ra l  and impact v a r i a b l e s ,  -1 

C x i s  a  v e c t o r  of p o l i c y  Gar i ab l e s ,  and - 2  

A ,  b, cl, and c a r e  a p p r o p r i a t e  m a t r i c e s  and v e c t o r s  - 2 
'2 

of c o n s t a n t s .  - - * 
For a  g iven  leve! h f  x (2 ) ,  ( 3 ) ,  and (4) d e f i n e  a  l i n e a r  pro- 

- 2'  

grarnrning problem. Ilowever, (1) through (4) is n o t  a  l i n e a r  piogr-ing 

problem; hence t h e  need f o r  a new name and a  new a lgor i thm.  E x t e n s i o ~ l s  

o f  t h e  proposed a lgo r i t hm i f  (1) o r  (2) is q u a d r a t i c ,  o r  i f  x is  mixed - 
i n t e g e r ,  should n o t  r e p r e s e n t  a  major problem. 



7. 

A s  f o r  l i n e a r  programming, any n~r r -nega t ive  v e c t o r  x  i s  c a l l e d  - 
a s o l u t i o n .  Any s o l u t i o n  s a t i s f y i n g  ( 3 )  and (4 )  is c a l l e d  a  (pr imal )  

f e a s i b l e  s o l u t i o n .  Any f e a s i b l e  s o l u t i o n  maximizing (2) f o r  g iven  x  is  
- 

- 2 

c a l l e d  a  b e h a v i o r a l  optimal s o l u t i o n .  Any behav io ra l  op t imal  s o l u t i o n ,  

maximizing (1)  is c a l l e d  a  p o l i c y  op t imal  s o l u t i o n .  

T h i s  fo rmula t ion  of t h e  problem may be compared r e a d i l y  w i t h  

T h e i l ' s  approach i n  t h e  r e f e r e n c e  c i t e d  abc.;e [19] .  The nomenclature 

comparisons a r e  a s  fo l lows:  

The il r iu l t  i - l e v e l  Programmi<% 

1. i n s t r u n e n t  o r  c o n t r o l  v a r i a b l e  p o l i c y  v a r i a b l e  

2. non- control  v a r i a b l e  

3 .  exogenous v a r i a b l e  

b e h a v i o r a l  v a r i a b l e  

[ r e f l e c t e d  i n  model s t r u c t u r e ,  
e s p e c i a l l y  r ight- hand s i d e  
v a l u e s ]  

4 .  [no s p e c i f i c  name but  quoted i n  impact v a r i a b l e  
h i s  errample] 

I n t e r e s t i n g l y ,  T h e i l  r e f e r s  t o  v a l u e s  of t h e  non- control  v a r i a b l e s  a s  

L , t 

being estimat:ed by "an econometric model of t h e  ' b e ~ a v i o r a l '  aspect" .  

* 
i 

3. libpica l Problem Struct~ules '3 .s 

* 
~ m -  l i f y i n g  t h e  n o t a t i o n  s l i g h t l y  by i n t r o d u c i n g  t h Q a r t i t i o n i n g  i - * * m 

x = o[o. - 1 a t y p i c a l  m u l t i- l e v e l  programming problem woultl l ook  a s  



' 
s u b j e c t  t o :  f l  = "ax (zl  xl) * 

x Ix -1 - 2 

where now x  i s  a  v e c t o r  of impact v a r i a b l e s ,  
-0 

x* i s  a v e c t o r  of b e h a v i o r a l  v a r i a b l e s ,  and 
-1 

x is a  v e c t o r  of p o l i c y  v a r i a b l e s  - 2 

Th i s  p a r t i t i o n i n g  I S  meant t o  r e p r e s e n t  a  f a i r l y  common s i t u a t i o n  

i n  which : 

( i )  Only t h e  impact v a r i a b l e s  x  a f f e c t  t h e  p o l i c y  makers' - 0 

o b j e c t i v e  f u n c t i o n ;  

* i 
( i i )  Only t h e  behav io ra l  cho ice  v a r i a b l e s  x  and ( p o s s i b l y  - 1 

some o f )  t h e  impact v a r i a b l e s  x  a f f e c t  t h e  b e h a v i o r a l  - 0 

o b j e c t i v e  f u n c t i o n ;  

- 
( i i i )  Al l  i s  a  t e c h n o l o g i c a l  g t r i x  of r e s o u r c e  requi rements ;  . 

( i v )  The m a t r i x  A12 exp re s se s  t h e  e f f e c t  of t he  p o l i c y  

v a r i a b l e s  x  on r e sou rce  a v a i l a b i l i t y  ( a  p o l i c y  - 2 

which i n c r e a s e s  r e sou rce  a v a i l a b i l i t y ,  such a s  

investment  i n  new i r r i g a t i o n  s u p p l i e s ,  i s  r ep re se

n

ted  

by a n e g a t i v e  element of A12); 



(v)  The v e c t o r  b  r e p r e s e n t s  t h e  l e v e l  of resource  - 
a v a i l a b i l i t y  p r i o r  t o  po l i cy  i n t e r v e n t i o n ;  

A2 1 
is a  ma t r ix  of t h e  e f f e c t s  of t h e  behav io ra l  

* 
v a r i a b l e s  21 on t h e  impact v a r i a b l e s  x  ; and - 0 

A is a  ma t r ix  of t he  d i r e c t  e f f e c t s  of t h e  
2 2 

p o l i c y  v a r i a b l e s  x  on t h e  impact v a r i a b l e s  - 2  

x  ( i n  marly cases  t h i s  ma t r ix  would be  zero  and 
-0 

s o  p o l i c i e s  wouPu have t o  achieve t h e i r  impacts 

i n d i r e c t l y ,  v i z . ,  through t h e  ma t r i ces  AI2  and AZ1). 

Mathematical Programming, P1  

A mathematical programming problem: P1 may b e  w r i t t e n  i n  gene ra l  

Find x  such t h a t  - 

f  (_x) -+ max 

sub jeo t  t o :  pi(?) = 0, i = 1, ... , m. e 

- - KuLti-Level Programming, P2 
'3 

A mul t i- leve l  programming problem: P2 may h e  w r i t t e n  i n  gene ra l  - * - 
r as  : 
0 . 

Find x , j = 1, . .. , n ,  such t h a t  - j 



subjec:t  t o :  

g i (z j  . j = 1, ... , n)  = 0 ,  i = 1, ... , m. 

Mathematical p r ~ ~ r a ~ m i n g  ( P l ) ,  can be  s een  a s  a  s p e c i a l  c a s e  of  

~ ~ l t i - l e v e l  p r o g r a m i n g  (F2),  sj.rlce if n=l, then  P2 beccnes: 

-. 
Find xl such  t h a t  - 

f (xi) + max 

s u b j e c t  t o :  

gi(") = 0 ,  i = 1 ,  ... , m ,  

which is P I ,  mathematical  programming. 

I f  n  = 2, t hen  P2 becomes t h e  fo l lowing  problem: 

Find x  x  such  t h a t  
-1' -2 

f 2  ( ~ 2 )  + max 

s u b j e c t  t o :  f l(z1 I x2)  + "X 

and g i ( x i  9 z2)  = 0  i s  1, ...', m. 

Thl s  l a s t  problem is  m u l t i- l e v e l  programming i n  t h e  two-.level c a s e ,  as  
i 
6 

s p e l l e d  o u t  i n  s e c t i o n  2  above./ The problem P2 i s  m u l t i- l e v e l  - - 
progr.;lmrnin~ i n  gene ra l .  

61 I n  t h i s  s t a t emen t  of  t h e  problem, i t  is important  t o  r ecogn ize  t h a t  - - 
t h c  p o l i c y  c h o i c e  v a r i a b l e s  (" con t ro l  var zab les" )  which a r e  manipu- 
l a t e d  t o  maximize f 2  a r e  no t  i d e n t i c a l  w i th  t h e  se t  of impact 
v a r i a b l e s  (" t a r g e t  v a r i a b l e s"  or  "state v a r i a b l e s" )  x  . I f  they  
were i d e n t i c a l ,  then  t h e  problem c o l l a p s e s  t o  mathemagical 
programming, because then tho  second o b j e c t i v e  func t ion  f l  would 
have no i n f l u e n c e  on t h e  outcome. The domain over  which maximizat ion 
o c c u r s  is  made c l e a r  i n  t h e  problem d e s c r i p t i o n s  i n  s e c t i o n  3 and 4 
above, s o  t h i s  q u a l i f i e r  is  no t  needed t h e r e .  



The S tacke lbe rg  game is  another  s p e c i a l  c a s e  when n=2 and when 

t h e  o b j e c t i v e  f u n c t i o n  
f 2  

r e p r e s e n t s  t h e  behavior  of t h e  " leader"  ar.d 

f l  
r e p r e s e n t s  t h e  behzvior  of t h e  " follower" . A s  noted above, however, 

m u l t i- l e v e l  programming d e a l s  w i th  c a s e s  i n  which t h e  r e a c t i o n  f u n c t i o n s  

of game theo ry  a r e  n o t  known and >once game- theoret ic  s o l u t i o n  procedures  

a r e  i n a p p l i c a b l e .  Neve r the l e s s ,  i n s o f a r  a s  mu l t i- l eve l  prograinming 1s a  

r e l e v a n t  fo rmula t ion  f o r  numer ica l  a n a l y s i s  of macro-economic p o l i c y  

problems, t hen  i t  can b e  s een  t h a t  t h e  leader- fo l lower  v e r s i o n  of t h z  

S t acke lbe rg  game i s  a n  a p t  conceptua l  analogy t o  t h e  ? o l i c y  problem. 

The u s e f u l n e s s  of m u l t i - l t v e l  piogramming depends v e r y  much on 

having an  a l g o r i t h m  which w i l l  guaran tee  numerical  s o l u t i o n s , ,  s o  t h e  nex t  

s e c t i o n  is  devoted t o  developdent  of such a n  a lgor i thm.  No doubt o t h e r s  

could develop more e f f i c i e n t  a lgo r i t hms ;  t h e  concern hkre  i s  t o  show t h a t  

a t  l e a s t  one roced*:re e x i  prove t h a t  i t  converges.  

s. OptirnaZity Conditions for  the Algorithm 

The sugges ted  a lgo r i t hm is  developed i n  t h e  c o n t e x t  of a n  updated 

s implex t a b l e a u ,  where a l l  funct io . \s  a r e  assumed l i v e q r ,  cont inuous  and * 
convex. Tha t  i s ,  t h e  a lgo r i t hm revo lves  around t h e  q u e s t i o n  of  which 

v a r i a b l e s  t o  he  b a s i s  a t  eaPh i t e r a t i o n .  The l i n e a r  c a s e  is  
.a 
.5 

addressed ,  and t h e  n o t a t i o n  of s e c t i o n  2 is  adopted. For simplicity t h e  
I - - 
8 v e c t o r s  c '  and c; a r e  s t acked  on thf m a t r i x  A t o  g i v e :  
I - 2 



The i n i t i a l  s implex t ab l eau  can be  w r i t t e n  

For t h e  k t h  i t e r a t i o n ,  x - can be p a r t i t i o n e d  i n t o  and x where -"b -n ' 
t h e  b a s i c  v a r i a b l e s  appear  i n  -"b and t h e  o t h e r ,  non-basic, v a r i a b l e s  

appear  i n  x . - n 

4: 
i Making a  corresponding p a r t i t i o n  of T i n t o  Tb and T al lows n 

us t o  exp res s  t h e  b a s i c  v a r i a b l e s  i n  terms of t h e  non-basic v a r i a b l e s :  

- -1 -1 5 - T b k  - T b T X  
n-n 

I t  i s  t h e  elements  on t h e  r i g h t  of (12) which w e  r e f e r  t o  a s  

t h e  updated t a b l e a u  a t  t h e  k t h  i t e r a t i o n .  I t  is  convenient  t o  r ep re sen t  

: f 
L t he se  e lements  s chemat i ca l ly  a s  i n  Table  1. 

It  is  a l s o  convenient ,  f o r  a l g e b r a i c  purposes t o  r e f e r  t o  t h e  

elements  i n  Table 1 a s  t , where j = l  f o r  r ight- hand s i d e  elements ,  
i j  L. 

. I 

7 / j=2,  ... , e f o r  non-policy, non-basic v a r i a b l e s-  and j = el, ..., n 

f o r  non-basic po l i cy  v a r i a b l e s .  Also,  i-1 f o r  t h e  po l i cy  o b j e z t i v e  and 

i = 2  f o r  t h e  behav io ra l  o b j e c t i v e ,  and o t h e r  s u b s c r i p t s  have i n t z r p r e t a t i o n s  - * 

.szigned t o  t hen  i n  t h e  t e x t .  * 
I - 

- 
7 /  The l a b e l  "non-policy" v a r i a b l e s  embraces behav io ra l ,  impact ,  - 

and d i s p o s a l  ( s l ack )  v a r i a b l e s .  



T a b l e  1: Schemat ic  R e p r e s e n t a t i o n  o f  k t h  
I t e r a t i o n  T a b l e a u  

P o l i c y  o b j e c t i v e  + + - + -  + - + -  I 

U c h n v i o r a l  o b j e c t i v e  + + + - -  + + - -  

Non-policy v a r i a b l e s  + + + + 
+ - + 

P o l i c y  v a r i a b l e s  C .- + + 
- .  
. - - + 

Rns i c  a c t i v i t i e s  I IIHs 

The updated t a b l e a u  i s  r e p r e s e n t e d  i n  " s t andard"  form i n  T a b l e  

1. 'I'hc f i r s t  two rows a r e  t a k e n  t o  r e f e r  t o  t h e  updated c o e f f i c i e n t s  i n  

t t ~ c  p o l i c y  and b e h a v i o r a l  o b j e c t i v e  f u n c t i o n s  r e s p e c t i v e l y .  Then come two 

Non-Basic A c t i v i t i e s  1 

s e t s  of b a s i c  rows f o r  non- pol icy  and p o l i c y  v a r i a b l e s  r e s p e c t i v e l y .  The 
a 

Non-Policy 

" r i g l l t  hand s i d e "  o f  m a t h e m a t i c a l  programming a p p e a r s  on t h e  l e f t ,  f o l l o w e d  

P o l i c y  I 

by two set:; o f  non- basic  a c t i v i t i e s  f o r  non- pol icy  and p o l i c y  v a r i a b l e s  

r c s p c c t i v c l y .  The RHS s i g n s  a r e  meant t o  i n d i c a t e  t h a t  o n c e  f e a s i b i l i t y  h a s  - 
been a t t a i n e d ,  t h e  b a s i c  b e h a v i o r a l  v a r i a b l e s  w i l l  b e  non- negat ive .  Also ,  . 
i n  g c n e r a 1 , t h e  c o e f f i c i e n t s  e l s e w h e r e  i n  t h e  t a b l e a u  may be  z e r o  o r  may 

t n k c  p o s i t i v e  o r  n e g a t i v e  s i g n s .  I t  is assumed th roughout  t h a t  where  a n  

: ~ c t l v i t v  i s  s e l e c t e d  t o  e n t e r  t h e  b a s i s ,  a  s i m p l e x  i t e r a t i o n  is c a r r i e d  

o u t  i n  s u c h  a way a s  t o  m a i n t a i n  t h e  ( p r i m a l )  f e a s i b i l i t y  o f  t h e  b a s i c  



l , e l ~ a v i o r a l ,  d i s p o s a l  and p o l i c y  v a r i a b l e s .  Once p r i m a l  f e a s i b i l i t y  i s  

n t t a j n e d ,  i t  i s  main ta ined .  

The m o d e l l i n g  c o n v e n t i o n  used means t h a t  bi-inging i.n a n  a c t i v i t y  

w i t h  a n e g a t i v e  c o e f f i c i e n t  i n c r e a s e s  t h e  r i g h t  hacd s i d e  v a l u e  f o r  t h e  

c o r r c s p o n d i n g  v a r i a b l e .  ( I n  p a r t i c u l a r ,  t h e  b e h a v i o r a l  o b j e c t i v e  f u n c t i o n  

f i s  a t  a maximum, f o r  g i v e n  v a l u e s  of t h e  p o l i c y  v a r i a b l e s ,  when a l l  non- 1 

p o l i c y  c o e f f i c i e n t s  i n  t h e  second row of t h e  t a b l e  a r e  non- nega t ive ) .  

Degeneracy problems a r e  assumed hand led  by t h e  a d d i t i o n  of " s m a l l "  

t l l s t u r b a n c e s ,  which u n i q u e l y  r e s o l v e  any t i e s  [ 3  1, w i t h o u t  a f f e c t i n g  t h e  
- 

s i g n i f i c a n t  f i g u r e s  i n  t h e  s o l u t i o n .  

C o n d i t i o n s  f o r  Op t i r n a l i t y  

B e f o r e  d e v e l o p i n g  t h e  a l g o r i t h m ,  i t  is  u s e f u l  t o  deve lop  

s u f f i c i e n t  c o n d i t i o n s  o p t i m a l i t y .  Given a b a s i c  f e a s i b l e  s o l u t i o n  i n  

s t a n d a r d  fo rm,  t h e n  [ 4 ,  Theorem 21: 

" u r F ! c i c n t  C o n d i t i o n  f o r  Behav iora l  O p t i m a l i t y :  

T h i s  s i m p l y  s a y s  t h a t  i t  is n o t  p o s s i b l e  t o  i n c r e a s e  t h e  v a l u e  o f  t h e  - - 
. ~ l ~ c h n v i a r a l  o b j e c t i v e  f u n c t i o n  by b r i n g i n g  i n t o  t h e  b a s i s  an)? mon-basic 
L 

r n o n - p o l  i c y  v a r i a b l e s  
x2' " '  ' = 0 .  * e  - 

Two n e c e s s a r y  c o n d i t i o n s  f o r  p o l i c y  o p t i m a l i t y  can i ~ c  s t a t e d  

a s  follows: 

Nrcessa ry  C o n d i t i o ?  --- 1: That  t h e  s o l u t i o n  be  a  behavioral 
o p t i m a l  s o l u t i o n .  

-. 



Necessa ry  C o n d i t i o n  2: t > 0 j = e + l ,  ... , n  l j  - 

T h i s  second  c o n d i t i o n  f o l l c w s  from t h e  same theorem o f  D a n t z i g  [ 4 ,  

Theorem 21,  and s t a t e s  t h a t  f o r  non- basic p o l i c y  v a r i a b l e s  x ,..., x =0, e+ 1 n  

i t  is n o t  p o s s i b l e  t o  improve t h e  v a l u e  of t h e  p o l i c y  o b j e c t i v e  f u n c t i o n  

by i n c r e a s i n g  t h e  l e v e l  of o n e  o f  t h o s e  v a r i a b l e s .  

A t h i r d  n e c e s s a r y  c o n d i t i o n  r e l a t e s  t o  chang ing  t h e  l e v e l s  of 

~ 1 . c  b a s i c  p o l i c y  v a r i a b l e s  when a  new v a r i a b l e  e n t e r s  t h e  b a s i s .  L e t  u s  

suppose  t h a t  t h e  b a s i c  p o l i c y  v a r i a b l e s  a r e  found i n  t h e  l a s t  rows of  the 

t a b l e a u ;  s o  t h a t  t h e i r  c u r r e n t  v a l u e s  a r e  g i v e n  by til, i = cl, q-rl, .  . . ,m. 
'rhen t h e  e f f e c t  on t h e  l e v e l s  of  t h e  b a s i c  p o l i c y  v a r i a b l e s  o f  i n t r o d u c i n g  

a c t i v i t y  j i n t o  t h e  b a s i s  i s  measured by t i j s  
i = q ,  q + l ,  ... , m. The 

e f f e c t  of  t h i s  change on  t h e  l e v e l  of t h e  p o l i c y  o b j e c t i v e  i s  measured by 

t 
l j  ' w h i l e  t h c  e f f e c t  on t h e  b e h a v i o r a l  o b j e c t i v e  i s  measured by t . 

2 j  

('Lhc p o s s i b i l i t y  of i n c r e a s i n g  t h e  p o l i c y  o b j e c t f v e  by chang ing  t h e  l e v e l  

o f  non- basic  p o l i c y  v a r i a b l e s ,  h a s  a l l c a c y  b e e n  covered  by Necessa ry  

C o n d i t i o n  2 . )  

For an:{ s m a l l  change ,  t , ... , t i n  t h e  l e v e l  
r q , p '  f q + l , p  m,p' 

oE t h e  b a s i c  p o l i c y  v a r i a b l e s  ( induced by t h e  i n t r o d u c t i o n  of a  non- bas ic  

; i c t i v i t y  p ) ,  t h e  non- basic  non- pol icy  v a r i a b l e ,  j , which w i l l  b e  b r o u g h t  - 
'5  

P  
i n t o  t h e  b a s i s  f o r  a b e h g v i o r a l  o p t i m a l  s o l u t i o n  is i d e n t i f i e d  by t h e  - - 
c o n d i t i o n  : 



whcre For a  p o l i c y  oy,cimal s o l u t i o n  we k ~ o w  t h a t  t > 0 ,  from Necessary 2 j  - 
Condi t ion  1. Th i s  a l l ows  us  t o  s t a t e  t h e  t h i r d  necessary  cond i t i on :  

Ncccssary Condit ion 3:  Given N,cessary Condi t ions  1 and 2,  

wl'ere jP 
i s  de f ined  i n  (13) 

Proof:  Any change i n  t h e  s o l u t i o n  t 
k  k  

t l m  
can be  expressed 

11, , 
a s  a l i n e a r  combination of t h e  non-basic v a r i a b l e s  x2' m a *  ' n  * 

I f  

Necessary Condi t ion  2 h o l d s ,  t h e  n e t  c o n t r i b u t i o n  of xdl, ... , x t o  n  

t h c  p o l i c y  o b j e c t i v e  w i l l  be non- posi t ive.  Hence, w e  on ly  req ,u i re  t h a t  

t h c  c o n t r i b u t i o n  of v a r i a b l e s  x2 ,  u s  , Xe a l s o  be  non- pos i t ive .  3u t  

i f  Necessary Condi t ion  3  h o l d s  f o r  a l l  j s a t i s f y i n g  (131, then  tl:e 
P  

c o n t r i b u t i o n  of  a c t i v i t i e s  x2 ... x w i l l  a l s o  be  non- negative.  
e .  

S u f f i c i e n t  Condi t ion  f o r  Local Optimum 

Necessary c o n d i t i o n s  1, 2  and 3 t aken  together-  a r e  s u f f i c i e n t  

f o r  o l o c a l  optirnugi t o  t h e  p o l i c y  problem. 

S u f f i c i e n t  Condi t ion  f o r  Global  Optimum - - - 
The convcxi ty  assumption ensures  t h a t  a n ~ l o c a l  optimum t o  t h e  

L 

p d i c y  problem is a g l o b a l  optimum. - - 
* 

I I 

6.  is'ixcd and Free Po Zicg V d a b  Zes 

Fix ing  t h e  Levels  of t h e  Po l i cy  V a r i a b l e s  - 

The a lgo r i t hm c a l l s  f o r  t h e  p o l j c y  v a r i a b l e s  t o  bz temporar i ly  

f i x e d  i n  va lues  from time t o  t ime. I n  t e r n s  of  Table  1, i t  i s  only 

ncccssnry  t o  s t o r e  t h e  ( p o s i t i v e )  l e v e l s  of t h e  b a s i c  p o l i c y  v a r i a b l e s  

e l s cwl~e rc  and r e p l a c e  t h e  cor responding  r i g h t  hand s i d e  e n t r i e s  by ze ros .  



'1.his is r e p r e s e n t e d  s c h e m a t i c a l l y  i n  Table  2, where t h e  " s t o r a g e  l o c a t i o n"  

is tile s e c t i o n  below t h e  double  l i n e .  

- 

Tab le  2: Tableau w i th  P o l i c y  V a r i a b l e s  F ixed  

To keep t h e  p o l i c y  v a r i a b l e s  a t  t h e  f e v e l s  i n d i c a t e d  i n  Tab le  2, 

Bas i c  a c t i v i t i e s  

P o l i c y  o b j e c t i v e  

Bellnviornl o b j e c t i v e  

i t  i s  on ly  nece s sa ry  f o r  any non- policy v a r i a b l e s  e n t e r i n g  t h e  b a s i s  t o  - - 
p i v o t  on the p o l i c y  rows, i f  p o s s i b l e ,  r e g a r d l e s s  of t h e  s i g n  of t h e  p i v o t .  '3 5 - 
T h i s  p r e f e r e n t i a l  p i v o t i n g  is  an  i n s t r u c t i o n  i n  t h i s  phase  of t h e  a lgo r i t hm.  

8 Jr - 
Bring ing  i n  non- pol icy v a r i a b l 5 s  (wi th  n e g a t i v e  e n t r i e s  i n  t h e  b e h a v i o r a l  

o b j e c t  i v e  f u n c t i o n )  i t  i:; p o s s i b l e  t o  maximize t h e  b e h a v i o r a l  obf e c t i v e ,  a s  

shown i n  Tab l e  3 .  There  may, o r  may n o t ,  b e  p o l i c y  v a r i a b l e s  remaining 

Mi S 

+ 

c 

i n  t h e  b a s i s .  I n  t h i s  phase ,  c e r t a i n l y  any f r e e  p o l i c y  v a r i a b l e s  t h a t  

Non-policy v a r i a b l e s  + 0 0  

- - 0 0  

Non-basic a c t i v i t i e s  

- - 

Po l i cy  v a r i a b l e s  

Fixed p o l i c y  
v a r  i n b l c s  

- 

Non-policy 

+ - + -  

+ + - -  

0 

0 

P o l i c y  
F ree  

+ - + -  

+ + - -  

- + 
- - 

Fixed 

0  0  

0 0 

+ + 
+ - 

0 0 0 0  

1 0  

0 1 

+ + 



r e n a i n  i n  t h e  b a s i s  w i l l  be  a t  z e r o  l e v e l .  Tab l e  3 is  r e f e r r e d  t o  a s  

b e h a v i o r a l  o p t i m a l ,  s i n c e  i t  maximizes t h e  v a l u e  of  t h e  behaviolra l  

o b j e c t i v e  f u n c t i o n ,  g iven  t h e  l e v e l s  of t h e  f i x e d  p o l i c y  v a r i a b l e s .  

Tab l e  3:  A " Behaviora l  Optimal" Tableau 

Bas ic  a c t i v j t i e s  

P o l i c y  o b j e c t i v e  

- -- --- 

Behaviora l  o b j e c t i v e  + + + + +  

Son- policy v a r i a b l e s  + + + + - 
+ - + - - + + - +  

I + - + + 

Po l i cy  v a r i a b l e s  0  + - 
- -- - -- 

Fixed p o l i c y  v a r i a b l e s  0 0 0 0  + +'+ 
r e  

. 
Freeing the Leve l  of a  P o l i c y  V a r i a b l e  -- -- - - S i n c e  t h e  a l g o r i t h m  c a l l s  f o r  t h e  f i x i n g ,  o r  removal,  of p o l i c y  

.s 
L - v a r i a b l c s  from t h e  b a s i s ,  p r o v i s i o n  a l s o  needs  t o  b e  made f o r  t h e  " f r e e i n g" ,  * * E 
0 o r  r e- e n t r y  of f i x e d  v a r i a b l e s  i n t o  t h e  b a s i s .  I n  TaMe  3 t h e r e  a r e  

two f i x e d  p o l i c y  v a r i a b l e s ,  r e p r e s e n t e d  by t h e  two c o l ~ ~ n s  on t h e  extreme 

r i g h t .  One is i n  t h e  b a s i s  a t  l e v e l  z e r o ,  and t h e  o t h e r  is  non- basic.  

'To " f r ee"  t h e  b a s i c  p o l i c y  v a r i a b l e  i t  is on ly  nece s sa ry  t o  r e p l a c e  t h e  

ze ro  i n  t h e  " r i g h t  hand s i d e"  w i t h  t h e  f i x e d  v a l u e  of t h e  v a r i a b l e .  



For t h e  non- basic  f i x e d  v a r i a b l e ,  t h i n g s  a r e  a  l i t t l e  more compli- 

cntcd s i n c e  we may wish  t o  i n c r e a s e  o r  d e c r e a s e  t h e  v a l u e  o f  t h i s  v a r i a b l e .  To 

i n c r e a s e  i t s  v a l u e ,  we p i v o t  on a n  a p p r o p r i a t e  p o s i t i v e  p i v o t ,  and when t h e  

v a r i a b l e  is b a s i c  add t h e  f i x e d  v a l u e  t o  t h e  r igh t- hand  s i d e  i n  t h e  row f o r  

t h a t  v a r i a b l e .  

To d e c r e a s e  a  f i x e d  p o l i c y  v a r i a b l e  x we e s t i m a t e :  
j 

0 = min (-til  / t 
j i j  I t i j  

< 0 )  
i 

wl~crc t is t h e  e lement  i n  t h e  i t h  row and j t h  col ,mn of t h e  c u r r e n t l y  
i j 

updated t a b l e a u .  I f  0 i s  less t h a n  o r  e q u a l  t o  t h e  f i x e d  v a l u e ,  we 
j 

p i v o t  on t h e  t used t o  d e f i n e  0 and t h e n  add t h e  f i x e d  v a l u e  t o  
I i j  j ' 

t h e  r i g h t  hand s i d e ,  once a c t i v i t y  j is  b ~ ? s i c .  

- 
L E  0 i s  g r e a t e r  t h a n  t h e  f i x e d  v a l u e ,  t i ,  we s imply  change 

j ., 

t h e  r i g h t  hand s i d e  t o  ';I 
where : 

- 
t ' 
i 1 

= t l l  -' t 
j tij * i = 1, ..., m 

- 
4 

and r e s e t  t h e  f i x e d  v a l u e  t t o , z e ~ o .  
j 

. '17zf7 A Lgori C I : m  -- - 
O v e r a l l ,  t h i  a l g o r i t h m  c o n s i s t s  o f  f i v e  s t e p s  which can 

.5 

bi. understood i n  t h e  c o n t e x t  o f  s implex  o p e r a t i o n s  and t h e  f o r e g o i n g  

* 
d i s c u s s i o n .  The f i v c  ~ t e p s  a r e  a s  f o l l o w s :  

1. S e t  up t h e  j~ rob lem i n  s implex t a b l e a u  form. Find a f e a s i b l e  

s o l u t i o n  u s i n g  any l i n e a r  programming a l g o r i t h m .  Go t o  S t e ?  2. 

2 .  F i x  t h e  l e v e l  of t h e  p o l i c y  v a r i a b l e s  and f i n d  t 5 e  c o r r e s p o n d i n g  

h c l ~ n v i o r n l  o p t i m a l  s o l u t i o n .  Go t o  S t e p  3 .  



3 .  F r e e  t h e  l e v e l s  o f  t h e  p o l i c y  v a r i a b l e s ,  and b r i n g  i n t o  

( o r  e l i m i n a t e  from) t h e  b a s i s  any p o l i c y  v a r i a b l e s  f o r  

which t h e  e n t r i e s  i n  b o t h  t h e  o b j e c t i v e  f u n c t i o n s  a r e  

n e g a t i v e  ( o r  p o s i t i v e ) .  I f  no change o f  b a s i s  i s  

r e q u i r e d ,  go t o  S t e p  4 ;  o t h e r w i s e  r e t u r n  t o  S t e p  2. 

4 .  Op t imize  w i t h  r e s p e c t  t o  t h e  p o l i c y  v a r i a b l e s  and 

, 
I p o l i c y  o b j e c t i v e  f u n c t i s n .  I f  no change of  b a s i s  i s  

r e q u i r e d ,  go t o  S t e p  5; o t h e r w i s e  go t o  S t e p  2. 

5. F r e e  t h e  p o l i c y  v a r i a b l e s ,  c a l c u l a t e  
j P  

f o r  a l l  

p=2,  ... , e .  I f  t < 0 f o r  some p=2, ... , e ,  
l j p  ~ 

i n t r c d u c e  a c t i v i t y  
j P  

i n t o  t h e  b a s i s ,  f i x  t h e  l e v e l  

o f  t h e  l e v e l s  of  he p o l i c y  v a r i a b l e s  and r e t u r n  t o  

S t e p  4. I f  t > 0 f o r  a l l  p=2, . . . , e, s t o p -  
U p  - 

The a l g o r i t h m  a l l o w s  f o r  t h e  p o l i c y  v a r i a b l e s  t o  b e  h e l d  a t  f i x e d  

l e v e l s ,  and hence  t o  b e  reduced  i n  s u b s e q u e n t  s t e p s  of t h e  a l g o r i t h m .  The 

snmc e f f e c t  cou ld  b e  a c h i e v e d  by im$osing upper  and lower  boundls on t h e  

p o l i c y  v a r i a b l e s  and " f i x i n g"  t h e  p o l i c y  v a r i a b l e s  by a p p r o p r i i ~ t e  changes  - - 
t o  t h e s t  bounds.  T h i s  l a t t e r  approach  would a l l o w  any change of  b a s h s  t o  

L 

11e i n t e r p r e t e d  a s  i i i c r e n s i n g  t h e  l e v e l  of  a  non- bas ic  a c t i v i t y .  I t  f s  
8 * 

convenient t o  d iscusts  convergence on t h e  assumpt ion  t h a t  a l l  changes  -in 

t h e  l e v e l  o f  t h e  b a s i c  v a r i a b l e s  r e s u l t  From i n c r e a s i n g  t h e  l e v e l  o f  a  non- 

b a s i c  v a r i a b l e  ( u s i n g  a  p o s i t i v e  p i v o t ) .  



F u r t h e r ,  i t  i s  conven i en t  t o  assume t h a t  on ly  one  a l c t i v i t y  e n t e r s  

t h e  b a s i s  i n  S t e p s  2 and 3 ,  a ~ d  on ly  one a c t i v i t y  i n  S t e p  4. There  is  no 

l o s s  of g e n e r a l i t y  from t h i s  assumption s i n c e  t h e  e n t r y  - of  s e v e r a l  a c t i v i -  

t i e s  i n t o  t h e  b a s i s  can a l s o  b e  r ep r e sen t ed  as t h e  e n t r y  of one a c t i v i t y  

made up of a s u i t a b l e  l i n e a r  combinat ion of  t h e  s e v e r a l  a c t i v i t i e s  a c t u a l l y  

e n t e r i n g  t h e  b a s i s .  

S t e p  1 of  t h e  a l g o r i t h m  f i n d s  a (p r ima l )  f e a s i b l e  s o l u t i o n .  
:: : 

Pr imal  f e a s i b i l i t y  depends on ly  on t h e  c o n s t r a i n t s  (3) and (4) ;  hence 

e x a c t l y  t h e  same procedure  f o r  f i n d i n g  a f e a s i b l e  s o l u t i o n  (o r  p rov ing  t h a t  

one does  n o t  e x i s t )  can  be  used f o r  m u l t i- l e v e l  programming as f o r  l i n e a r  

programming. 
.i 

S t e p s  2  and 3 i n v o l v e  b r i n g i n g  i n  a c t i v i t i e s  which i n c r e a s e  t h e  

v a l u e  of t h e  b e h a v i o r a l  o b j e c t i v e  func t i on .  I n  S t e p  2 ,  t h e  p c ~ l i c y  o b j e c t i v e  

may i n c r e a s e  o r  d e c r e a s e ,  w h i l e  i n  S t e p  3 ,  i t  w i l l  i n c r e a s e  mo~no ton i ca l l y ,  

s i n c e  i n  S t e p  3  t h e  c o e f f i c i e n t s  i n  t h e  p o l i c y  and o b j e c t i v e  f u n c t i o n s  

have t h e  same s i g n  f o r  a c t i v i t i e s  e n t e r i n g  t h e  b a s i s .  

On comple t ion  of S t e p  3 ,  we have a  b e h a v i o r a l  o p t i d a l  s o l u t i o n  

( a l l  non- basic ,  non- policy v a r i a b l e s  have non- negat ive  e n t r i e s  i n  t h e  

b e h a v i o r a l  o b j e c t i v e  row),  and i n  t h i s  s o l u t i o n  non- basic p o l i c y  v a r i a b l e s  

w i t h  n n e g a t i v e  e n t r y  i n  t h e  p o l i c y  o b j e c t i v e  have a  p o s i t i v e  e n t r y  i n  t h e  

be l lav iora l  o b j  c c t i v c .  . 

To r e i t e r a t e ,  on complet ion of S t ep  3 t > 0  j = 2, ..., e; 
2 j  - 

and f o r  j = e +  1, ... , n  i f  t 
l j  

< 0 ,  t hen  t > 0. 
2 j  - 



S e v e r a l  non- basic  p o l i c y  v a r i a b l e s  may be  i : l t roduced  i n t o  t h e  

bnsIs i n  S t e p  4 ,  b u t  f o r  s i m p l i c i t y  we assume a n  a p p r o p r i a t e  l i n e a r  

I 
combina t ion  o f  t h e s e  a c t i v i t i e s  is formed, and hence  o n l y  one  i t e r a t i o n  

- 

I is needed u s i n g  t h e  p i v o t  t > 0 .  A f t e r  t h i s  i t e r a t i o n  t h e  new 
r P  

b e h a v i o r a l  o b j e c t i v e  f u n c t i o n  e l e m e n t s  can  b e  w r i t t e n  

a c c o r d i n g  t o  t h e  s t a n d a r d  r u l e s  of  Gauss e l i m i n a t i o n .  

L e t  u s  t h e n  form a n y  l i n e a r  combina t ion  of  t h e s e  non- basic  non- 

p o l i c y  a c t i v i t i e s ,  such  t h a t  i n t r o d u c t i o n  o f  t h e  l i n e a r  combina t ion  would 

i r k c r e a s e  t h e  b e h a v i o r i a l  o b j e c t i v e  f u n c t i o n :  



Since  t h e  
t r k  

r e f e r  t o  t ab l eau  elements  a t  t h e  end of S t ep  3 ,  

t h e  cor responding  element a t  t h e  end of S t ep  4 may be  de f ined  a s  

Also,  t h e  f i r s t  a c t i o n  i n  S tep  2 would be  t o  f i x  t h e  b a s i c  p o l i c y  

v a r i a b l e  i n  row r ,  hence r e s e t t i n g  t r l  = 0. Thus t '  would be  t h e  
r* 

p i v o t  i f  t h i s  l i n e a r  combination of a c t i v i t i e s  was in t roduced  i ~ , i o  t h e  

b a s i s ,  and it could e n t e r  t h e  b a s i s  only a t  a  zero  l e v e l .  Thus we can 

s t a t e :  

( i )  Any l i n e a r  combination of non-sol icy non-basic a c t i v i t i e s  

in t roduced  i n t o  t h e  b a s i s  i n  S t eps  2 and 3 ,  f o l l owing  

S t ep  4 ,  which would i n c r e a s e  t h e  l e v e l  of t h e  b e h a v i o r a l  

o b j e c t i v e  f u n c t i p n ,  w i l l  come i n  a t  a  zero  l e v e l .  - 
-? 

( i i )  And t h e r e f o r e  tCe p o l i c y  o b j e c t i v e  i n c r e a s e s  i n  S t ep  4 - - 
and ( a f t e r  t h e  mrst r o ~ n d )  does no t  dec rease  i n  S t e p s  - 
2 and 3 .  

Step  5 f i n d s  a  d i r e c t i o n  ( i f  one e x i s t s ;  i n  wYi!-k C ~ L  L: ic  i ) a l i cy  

v a r i a b l e s  can be changed wi thout  de s t roy ing  behav io ra l  o p t i m a l i t y .  Hence 



S t e p  4  is a g a i n  e n t e r e d  form a  b e h a v i o r a l  o p t i m a l  s o l u t % o n ,  and t h e  p roof  

of convergence  w i t h  r e s p e c t  t o  S t e p s  2 , 3  and 4 c o n t i n u e s  t o  a p p l y .  

- S i n c e  t h e  number of ex t reme  p o i n t s  i s  f i n i t e ,  t h e  a l g o r i t h m  must 

e i t h e r  f i n d  a  maximum t o  t h e  p o l i c y  o b j e c t i v e ,  o r  show t h a t  t h e  problem is  

In  c o n c l u s i o n ,  i t  can be  s e e n  t11aL r e l a t i v e l y  minor  a d j u s t m e n t  

of e x i s t i n g  l i n e a r  p rogra rming  computer c o d e s  w i l l  p e r m i t  them a l s o  t o  

s o l v e  m u l t i - l e v e l  programming problems.  

! .  i' !i~i~7c,r+icfuI L'xcrjnZe 

T h i s  s e c t  i o n  p r o v i d e s  a s m a l l  n u m e r i c a l  example of  mu1 t i - l e v e l  

pru~;r;~mmin):, i n  which t h e  b e h a v i o r a l  subproblem is c h a r a c t e r i z e ?  by 

rn;lxirnization o f  a l i n e a r  ob jec t{ -ve  f u a c t i o n  s u b j e c t  t o  t h e  i n e q u a l i t y  

8 / c o n s t r a i n t s  and n o n- n e g a t i v i t y  r e s t r i c t i o n s  of  l i n e a r  program,?1ing.- 

Tllc cxamplc i s  based on a well-known problem fo rmula ted  and s o l v e d  by 

Lor~wcs, Boot,  and Wage w i t h  q u a d r a t i c  programming t e c h n i q u e s  [ l ,  111. 

!:y r e - c a s r i n g  t h e i r  problem i n  m u l t i - l e v e l  programming, f h q i r  s o l u t i o n  c a n  
I 

be n s s c s s t d  i n  n b r o a d e r  p o l i c y  c o n t e x t .  

- 
7 n  t h e i r  a n a l y s i s ,  t h e  b e h a v i o r a l  . a e c i s i o n  maker i s  a n: t i o n a l  

L - coopcr i l r ive  of d a i r y  p ro t iuee r s ,  and t h e  p o l i g y  d e c i s l o n  maker i s  t h e  

E !c - I ) r ~ c c l ~  l ;c)v~rnment.  Faxr  d a i r y  p r o d u c t s  a r e  p e t u l a t e d ,  m i l k  ( x l ) ,  b u t t e r  
. * + 

(x,), Tat c h e c s e  (x,), and 40 z h e c s e  ( x 4 ) ,  which can b e  produced s u b j e c t  
L 

. - - - - .--- ---A A- 

'11 I..lrrrcr. Inore c o n ~ l ~ x  c.xampics :are r r n o r t e d  and  a n a l v z w l  I n  a -- 
s r~bseqr ien t  p a p e r .  



t o  a v a i l a b l e  s u p p l i e s  of f a t  and dry m a t t e r ,  accord ing  t o  t h e  fo l lowing  

technology mat r ix :  

.026x1 + .8x + .306x3 + , 2 4 5 ~ ~  < 121 ( f a t )  2  - 

, 0 8 6 ~ ~  + .02x2 + .297x3 + .371x4 - < 250 (dry  ma t t e r )  

Linear  demand f u n c t i o n s  a r e  s p e c i f i e d :  

(milk) 

X - - 
2 

135 - .0203p2 ( b u t t e r )  

(17) 

103 - .0136p3 + .0015p4 ( f a t  cheese)  

- 
4  

- 19 + .0016p3 - .0027p4 (40' cheese)  

Monopolis t ic  p r i c i n g  is  assumed, t hus  t h e  behav io ra l  o b j e c t i v e  

func t ion  i s  

- .. - 
f l  - 1 Pi Xi *2 .s 

i - - - 
S u b s t i t u t j n g  f o r  x 

i '  
g e t  a  problem i n  t h e  p 

C i *  
e - 



- 

s u b j e c t  t o :  

The o r i g i n a l  a u t h o r s  s t a r t  by assuming  t h a t  t h e  pr i lce  l e v e l s  them- 

selves arc: p o l i c y  v a r i a b l e s .  Simple  m o n o p o l i s t i c  p r o f i t  maxi ln izat ion l e a d s  

t o  u n a c c e p t a b l y  h i g h  p r i c e  l e v e l s ,  however, and a p o l i c y  c o n s t r a i n t  i s  
t 

imposcd on t h e  p r i c e  i n d e x  f o r  d a i r y  p r o d u c t s :  

- 
E e h a v i o r a l l y  o p t i m a l  s o l u t i o n s  a r e  t h e n  d b t a i n e d  f o r  v a r i o u s  . 

levels of k, and a n  o p t i m a l  p r i c i n g  s t r a t e g y  is  s e l e c t e d  by i n s p e c t i o n  

i n  the l i g h t  of t h e  r e s u l t i n g  p r o d u c t  p r i c e s ,  c o n s u m p t i c l  l e v e l s ,  and t o t a l  

revenue.  C e t e r u s  p a r i b u s ,  t h e  lowcr  is k ,  t h e  lower  i s  t h e  " a v e r a g e  

p r l c c  Lcvcl" and t h a  b e t t e r  t h e  s o l u t i o n  f rom t h e  p o l i c y  v i e w p o i n t .  A 

comple te  p o l i c y  o b . j c c t i v e  F u n c t i o n  is n o t  s p e c i f i e d ,  however,  n o r  a r e  o t h e r  

ins t r r lmcn ts  f o r  influencing t h e  d a i r y  i n d u s t r y  a d m i t t e d .  
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E q u a t i o n s  (21)  and (22)  t o g e t h e r  y i e l d  a  new c o n s t r a i n t  on t h e  b e h a v i o r a l  . 

problcm, t h e  m a t e r i a l  b a l a n c e  f o r  b u t t e r :  

w i l l - : I  r e p l a c e s  t h e  f o u r t h  i n e q u a l i t y  r e s t r i c t i o n  of  t h e  o r i g i n a l  problem 

( 1 8 ) .  

Imported b u t t e r  may b e  assumed t o  b e  a v a i l a b l e  a t  a n  i n t e r n a t i o n a l  

p r i c e  of 1500 ,  s o  t h a t  b u t t e r  is a v a i l a b l e  d o m e s t i c a l l y  from impor t  s o u r c e s  

n t  1 500 + -: L-here y2 is t h e  impor t  du ty  on b u t t e r ;  and w e  have  t h e  
2' 

f o l l o w i n g  a d d i t i o n a l  c o n s t r a i n t :  

Taken t o g e t h e r ,  t h e s e  r e v i s i o n s  y i e l d  t h e  f o l l o w i n g  r e s t a t e m e n t  

of tlic b e h a v i o r a l  o p t i m i z a t i x ,  - v b l e m :  

* * r 

sill) jcr:t to: 



Problem (23)  c o n t a i n s  t v o  p o l i c y  v a r i a b l e s ,  1 
and y2,  and one  new 

bc-hclviornl v a r i a b l e ,  X5' 

For g i v e n  v a l u e s  of  yl  and y  t h i s  is  a  q u a d r a t i c  programming 
- 2 ' 

problem which e x p l i c i t l y  i n c l a d e s  t h o s e  p o l i c y  v a r i a b l e s .  We must n o t e ,  

however,  t h a t  t h i s  s t a t e m e n t  of  t h e  problem g i v e s  no  g e i d e n c e  ais t o  d e s i r -  

a b l e  l e v e l s  o f  t h e  p o l i c y  var!ables.  

X u l t i p l e  g o a l s  

The e s s e n t i a l  f e a t u r e  of  m u l t i - l e v e l  programming is  t h a t  i t  embeds 

n Lel inv io ra l  problem,  w i t h  endogenous b e h a v i o r a l  v a r i a b l e s  (p t o  p4 and x5) 
1 

w i t h i n  a  program aimed a t  s e l e c t i n g  t h e  o p t i m a l  v a l u e s  f o r  p o l i c y  v a r i a b l e s  

(y1  
and y  ) .  To d e f i n e  t k e s e  o p t i m a l  v a l u e s ,  i t  is  f i r s t  n e c e s s a r y  

2  

e x p l i c i t l y  d e f i n e  t h e  g o a l s  which p o l i c y  makers  w i s h  t o  p u r s u e .  A t  

f o u r  ;;oals s u g g e s t  themse lves  i n  t h i s  c a s e :  

i )  S i n c e  a s u b s i d y  on l i q u i d  m i l k  p r o d u c t i o n  h a s  been 

assumed, we may e q u a l l y  assume t h a t  a  low p r i c e  of  

m i l k  (p l )  t o  t h e  consumer is though t  d e s i r a b l e .  
L 

i e a s t  

ii) The o r i g i n a l  a u t h o r s  i n d i c a t e d  a  g o a l  of  k e e p i n g  

- 
weigh ted  p r i c e  r i s e s ' t o  a minimum. - 

' ? 
L 

i i i )  O t h c r  t h i n g s  e q u a l ,  a h i g h  farm income is a  s e n s i b l e  .: 
8 lr) 

gon.1 r And I 

S i n c e  t h e  s u b s i d y  e n t a i l s  a  c o s t  t o  t h e  government,  

w h i l e  t h e  b u t t e r  impor t  t a x  would g e n e r a t e  income, 

p o l l c y  makers c a n  b e  e x p e c t e d  tu B e  i n t e r e s t e d  i n  



1 t l ~ e  g r o ; s  o u t l a y s  of government r e v e n u e  i m p l i e d  by p o l i c i e s ,  
9 / 

cven though t h e  b u t t e r  impor t  t a x  would g e n e r a t e  income.- 

; { e ; ~ r e s e n t a t i o n  of t h e s e  g o a l s  a s  programming - v a r i a 5 l e s  (wl t o  W, -.I 

As d i s c u s s e d  e l s e w h e r e  [ 2  1, i t  i s  e x t r e m e l y  u n l i k e l y  . t h a t  p o l i c y  

P 

makers"ndif ference  sys tems  a r e  known e x  a n t e ,  o r  indeed  t h a t  t h e y  a r e  

i n v n r i a t c  o v e r  t ime .  '..bus, i n  p r a c t i c e ,  d i s c o v e r y  o f  good p o l i c y  and 

d e f i n i t i o n  oE t h e  i n d i f f e r e n c e  sys tem i n  t h e  neighbourhood of  t h i s  "good" 
P C  - -. .. - A " -  " r n  

p o l i c y  s h o u l d  p roceed  s i m u l t a n e o u s l y .  For t h i s  example,*we may a l s o  assume 

t h a t ,  c e t e r u s  p a r i b u s ,  - t h e  p o l i c y  makers p r e f e r :  

i )  
w l ,  

 he p r i c e  of m i l k  t o  b e  a s  s m a l l  as p o s s i b l e ;  
- 

i i )  w 2 ,  
t h e  change i n  t h e  p r i c e  l&ve l ,  t o  b e  a s  small . 

as p o s s i b l e ;  

3/  I n  n  more s o p h i s t i c a t e d  a n a l y s i s ,  t h e  p e r c e n t a g e  of h i g h e r  f a rm incomes - 
r e t u r n e d  t o  t h e  government i n  t a x e s  c o u l d  be  i n c l u d e d  i n  g o a l  ( i v ) ;  
b u t  i n  t h e  p r e s e n t  c a s e ,  t h i s  would u n n e c e s s a r i l y  c o m p l i c a t e  an  a l r e a d y  
too  complex n u m e r i c a l  example. 



i i i )  w3, farm incorne, t o  be a s  l a r g e  a s  p o s s i b l e ;  and 

i v )  w 4 ,  n e t  subs idy  t o  t h e  d a i r y  i n d u s t r y ,  t o  b e  a s  

small a s  p c s s i b l e .  

where "as  s m a l l  a s  p c s s i b l e"  neans "as  c l o s e  t o  minus 

I t  t u r n s  o u t ,  a s  s h o ~ n  below, t h a t  an  i n t e r e s t i n g  s e t  

i s  genera ted  by  experimenting wi th  weights  of +1 on - 
va r inh l c s "  ( g o a l s ) ,  vl t o  w 

4 

i n f i n i t y  a s  poss ib le" .  

of p o l i c y  v a r i a t i o n s  

t h e  fou r  " impact 



Modcl Res t a  tcment - --- 

Gather ing  t h e  v a r i o u s  equat ions  t o g e t h e r ,  t h e  model may be  

r e s t a t e d  now i n  mul t i- leve l  programming form: 

sub jec t  t o :  

and  



whcrc w l ,  w w and w a r e  u n r e s t r i c t e d  impac t  v a r i a b l e s ,  2' 3  4  

and d l ,  d 2 ,  d and d a r e  p o l i c y  makers '  r e l a y i v e  w e i g h t s  on t h e  3  4 

v a l u e s  of t h e  i n p a c t  v a r i a b l e s  wl, w2, w3 snd w  - 4' 

Al though problem (24)  is q u a d r a t i c ,  i t  was approximated i n  a 

l i n e a r  programming fo rmat  i n  o r d e r  t o  make i t  amenable t o  s o l u t i o n  w i t h  

t h e  a l g o r i t h m  r e p o r t e d  i n  t h i s  paper .  The approx imat ion  i n v o l v e s  a  

g r i d  l i n e a r i z a t i o n  a p p l i e d  a c r o s s  v a r i a b l e s  e n t e r i n g  i n t o  t h e  q u a d r a t i c  

terms, and i t  can b e  made a n  a r b i t r a r i l y  c l o s e  a p p r o x i m a t i o n  t o  t h e  

o r i g i n a l  n o n l i n e a r  problem 171. 

The t o p  rows (above row f  ) i n  T a b l e  4  i l l u s t r a t e  t h e  s e t t i n g s  of  2  

tlie v a r i a b l e s  used t o  c o n s t r u c t  t h e  convex combina t ion  s e t s  of a c t i v i t i e s  

f o r  t h e  l i n e a r i z e d  terms.  The row f  i s  t h e  p o l i c y  o b j e c t i v e  f u c c t i o n ,  2 

w h i l e  t h c  row f l  i s  t h e  b e h a v i o r a l  o b j e c t i v e  f u n c t i o n .  For  g i v e n  l e v e l s  

of tile p o l i c y  v a r i a b l e s ,  t h e  f u n c t i o n  f l  i s  t o  b e  maximized ( s e c t i o n  4 

; ~ l ) o v c ) .  The c o n t r o l  rows e n s u r e  t h a t  a  convex combina t ion  of  t h e  

a p p r o p r i a t e  a c t i v i t i e s  e n t e r s  t h e  b a s i s  f o r  t h e  l i n e a r i z e d  terms.  The f a t  

and tlry m a t t e r  &id impor t  d u t y  r e s t r a i n t s  a r e  t h e  normal typks  'of l i n e a r  

restraints, t h e  n e x t  f o u r  rows r e f e r  t o  t h e  f o u r  g o a l  f u n c t i o n s ,  and t h e  - - 
f i n a l  row r e f e r s  t o  t h e  l e v e l  of y  one  of t h e  p o l i c y  pa ramete r s .  

2 ' .5 - 
Tlie f i r s t  column i n  T a b l e  4  g i v e s  t h e  k v e l  of  t h e  r e s t r a i n t s  

I I 

(comntorlly r c f c r r c d  t o  a s  t h e  " r ight- hand s i d e" ) .  Columns 2 t o  1 3  r e f e r  

t o  convex combina t ion  of  
1 

and y  columns 1 4  t o  26 r e f e r  t o  l e v e l s  of  
1 ' 

p 2  and r ; and columns 27  t o  38 r e f e r  t o  l e v e l s  of p3 and p  5 4 -  
Columns 

39 t o  4 2  r e f e r  t o  t h e  impac t  v a r i a b l e s ,  and columns 43 and 44  r e f e r  t o  

l c v e l s  of  t h e  p o l i c y  v a r i a b l e s  y l  and y2 . 





For want o f  b e t t e r  e s t i m a t e s ,  t h e  p o l i c y  w e i g h t s  d  t o  d4 w e r e  1. 

i n i t i a l l y  s e t  a t  t h e  v a l u e s  - 1  -1, 1 and -1, r e s p e c t i v e l y .  These  

s;iniple v a l u e s  a r e  sliown as c o e f f i c i e n t s  i n  r o w  f 2  o f  T a b l e  - 4 .  

Nrirnerical K e s u l t s  

I n  a d d i t i o n  t o  t h e  i n i t i a l  o b j e c t i v e  o f  w e i g h t s  of  +1 - on e a c h  

g o a l  ( impac t  v a r i a b l e ) ,  t h e  model a l s o  was run  e i g h t  more t i m e s ,  f i r s t  

m , ~ x i n i z i n g ,  t h e n  min imiz ing ,  each  impac t  v a r i a b l e  i n d i v i d u a l l y .  Of t h e  

n l n e  s o l u t i o n s ,  o n l y  f o u r  w e r e  d i s t i n c t ,  and t h e s e  f o u r  a r e  summarized i n  

'Table 5.  'l'able 6 d e f i n e s  t h e  r e l a t i o n s h i p s  between t h e  n i n e  p o l i c y  weight 

con ib ina t ions  and t h e  f o u r  d i s t i n c t  s o l u t i o n s .  

The f i r s t  t h i n g  t o  n o t i c e  i n  T a b l e s  5 and 6 is t h a t  s o l u t i o n  3 ,  

wllicli g i v e s  a w e i g h t  o n l y  t o  t h e  impact  v a r i z b l e  
w2 

( p e r c e n t a g e  change 

i l l  t h e  p r i c e  i n d e x  f o r  t h e  f o u r  p r o d u c t s ) ,  c l o s e l y  approx imates  t h e  Louwes- 

I%oot-Wage q u a d r a t i c  solut!on -'T which t h e y  c c n s t r a i n e d  w  t o  e q u a l  8.35Z. 
2  

I l i c  a p p r o x i m a t i o n  i s  w i t h i n  a b o u t  4 %  i n  t h e  p r i c e  v a r i a b l e s  (owing t o  t h e  

l i n e a r i z a t i o n )  and i t  i s  e x a c t  i n  terms of  t h e  v a l u e  of  t h e  b e h a v i o r a l  

, I objective f c ~ c t i o n .  Whi4e t h e  Louwes-Boot and Wage s o l u t i o n s  a r e  c q t a i n l y  

t c c t l n i c n l l y  f e a s i b l e ,  and c o u l d  even b e  o b t a i n e d ,  f o r  example by p r i c e  

c o l i t r o l ,  i t  i s  s i g n i f i c a n t  t o  n o t i c e  t h a t  i f  t h e  government is l i m i t e d  t o  

tllc twin  p o l i c y  i n s t r u m e n t s  o f  m i l k  s u b s i d y  and b u t t $ r  i m p o r t s ,  t h e n  t h e  

p r i c e  l c v e l  change c a n  o n l y  t a k e  f o u r  d i s t i n c t  value?. 

Ttl is  i l l u s t r a t e s  a p o i n t ,  ment ioned e l s e w h e r e ,  b u t  which seeris  

worthy of  r eemphas i s  even w i t h i n  t h e  c o n t e x t  o f  t h i s  o v e r l y  l o n g  p a p e r ,  

namely t h a t  t h e  p o l i t i c a l l y  f e a s i b l e  s o l u t i o n  s e t  may b e  much s m a l l e r  t h a n  

tile t e c h n i c a l l y  f e a s i b l e .  I f  t h e  government was u n w i l l i n g  t o  i n t r o d u c e  
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price ~ o n t r o l s ,  t hen  knowing t h e  p r i c e  l e v e l s  which would maximize income 

11oldi.ng t h e  p r i c ?  r i s e  t o  5% i s  acsdemic i n  t h a  bad s e n s e .  h%at i s  

rcbclui red is n c o l u t i o n  which maximises t h e  p o l i c y  maker ' s  o b j e c t i v e s  i n  t h e  

- 

l i y , ! l t  of  t h e  p o l i c y  i n s t r u m e n t s  under  h i s  c o n t r o l .  

The i n t e r a c t i o n  between t h e  impact v a r i a b l e s ,  t h e  b e h a v i o r a l  

o b j e c t i v e  f u n c t i o n ,  and t h e  cho i ce  of  p o l i c y  v a r i a b l e s  i s  c l e a r l y  i l l u s -  

t r a t c d  i n  t h e  f i r s t  f o u r  rows of  Tab le  5. With n e i t h e r  a mi lk  subs idy  n o r  

n t 3 r i f L  ( s o l u t i o n  2 ) ,  farm income would b e  a t  a  l e v e l  of  158.3.  Use o f  

c i t l i e r  p o l i c y  i n s t rumen t  r a i s e s  farm incomes. Impos i t i on  o f  a mi lk  s u b s i d y  

a l s o  lowers  t h e  m i l k  p r i c e  and t h e r e i o r e  lowers  t h e  p r i c e  i ndex ,  b u t  i n c u r s  

t r e a s u r y  c o s t s .  

Tab l e  6: Correspondenc.e Between P o l i c y  Func t ions  
and S o l u t i o n s  

* ' fhese  s o l r ~ t i o n  numbers :Ire t h e  ones  r l s ed  i n  t h e  
upper s e c t i o n  of Tab l e  5. 



Tliose v a r i a t i o n s  w i t h  u n i t  p o l i c y  w e i g h t s  c o n s t i t u t e  e x t r e m e l y  

s i m p l e  p o l i c y  e x p e r i m e n t s ,  and i n  a n  a c t u a l  d e c i s i o n  s e t t i n g  many o t h e r  

v a l u e s  would b e  t r i e d ,  i n  c o n s u l t a t i o n  w i t h  p o l i c y  makers.  N e v e r t h e l e s s ,  

even t l i e se  s i m p l e  exper imer i ts  i l l u s t r a t e  t h e  p o t e n t i a l  of  p o l i c i e s  t o  

i n d u c e  v a r y i n g  r e a c t i o n s  from t h e  p r o d u c e r s .  I n  t h e  c a s e  of  one  p r o d u c t ,  

b u t t e r  ( xZ) ,  t h e  m i l k  s u b s i d y  p o l i c y  i n d u c e s  t h e  b u t t e r  :product ion and 

p r i c e  t o  l i e  w e l l  o u t s i d e  t h e  r a n g e  of  v a l u e s  e x p l o r e d  by 'Louwes, Boot ,  

and Wage. Thus ,  even though t h e  " p o l i c y  o b j e c t i v e  f u n c t i o n "  canno t  b e  

d e f i n e d  n u m e r i c a l l y  a  p r i o r i ,  m u l t i - l e v e l  p r o g r a m i n g  a p p e a r s  t o  b e  a 

p o w e r f u l  t o o l  f o r  s y s t e m a t i c a l l y  e x p l o r i n g  t h e  " p o l i c y  space" ,  i n  t e r n s  of  

b o t h  t h e  '- pac t  v a r i a b l e s  ( g o a l s )  and t h e  a t t e n d a n t  r e a c t i o n s  t o  p o l i c i e s  

of  p r o d u c e r s ,  consumers ,  and o t h e r  economic a c t o r s .  

I n  more g e n e r a l  t e rms ,  i t  a lways  i s  p o s s i b l e  t o  s e t  up p o l i c y  

problems e x p l i c i t l y  s o  t h a t  t h e  v a r i a b l e s  c o n t r o l l e d  by po.Lj.cy makers c a n  

bc t l i s t i n y , u i s h e d  from t h e  v a r i a b l e s  de te rmined  by o t h e r  ( b e h a v i o r a l )  

r l c r l s i o n  makers.  T h i s ,  i n  t u r n ,  a l l o w s  a n  e x p l i c i t  r c a ~ p i n g  from t h e  pol i -cy  

v n r i a b l c  s p a c e ,  t o  t h e  s p a c e  of p o l i c y  g o a l s ,  w i t h  c l e a r  p r e s e n t a t i o n  of 
I r r  

trade?-of t s.  

In 1 ; r rge 'modcl  sys tems  w i t h  many p o l i c y  var iablG: ; ,  t h e  a d v a n t a g e s  
' i 
L 

of r n u l t i ~ l c v c l  programming would a p p e a r  t o  be  s t r o n g e r .  _The t r a d i t i o n a l  
* 

,>rocedu* is t o  a t t e m p t  t o  enumerate ,  v i a  s u c c e s s i v e  s o l u T i o n s ,  a  l a r g e  

n ~ ~ m b e r  of p o i n t s  a l o n g  e a c h  p o l ? - y  v a r i a b l e  a x i s ,  and a l s o  a l o n g  many com- 

17ia:l t i o n s  of  p o l i c y  nxcs .  With m u l t i - l e v e l  programming, i n s  tear'. t h e  p o l i c y  

ob j c c t i v e  f u n c t i o n  can bc  used t o  d e f i n e  immedia te ly  t h e  more i n t e r e s t i n g  

po 1 i c y  sc  t t i n g s ,  L>. g. , t h o s e  combina t ions  of i n s t r u m e n t  v a l u e s  which 

o p t i n i i z e  a c c o r d i n g  t o  a t  l e a s :  one d e f i n i t i o n  of t h e  o b j e c t i v e s  of  p o l i c y .  



i n  K u l t i - l e v e l  !;rcgramming, p o l i c i e s  a r e  no l o n g e r  b e i n g  c o n s t r a i n e d  o n l y  

by ~ l l c  t c c h n o l o g i c a l l y  E e a s i b l e  f r o n t i e r ,  b u t  a l s o  by t h e  f r l o n t i e r  of 

b e h a v i o r a l l y  f e a s i b l e  p o i n t s ,  g i v i n g  d u e  a l l o w a n c e  t o  d e c e n t r a l i z e d  

d e c i s i o n s  i n  r e a c t i o n  t o  p o l i c i e s .  

i'Jotes on S u f f i c i e n t  Cordi t ions  f o r  2or.vex-i t y  

The a l g o r i t h m  of s e c t i o n s  5 th rough  8 is  d d s i g n e d  1'0 b e  used when 

t h e  f e a s i b l e  s e t s  f o r  b o t 5  maximiza t ion  problems a r e  c l o s e d  and convex,  and 

when b o t h  o b j e c t i v e  f u n c t i o n s  a r e  quasi- concave.  M u l t i - l e v e l  programming 

is open t o  t h e  satre a b u s e s  t h a t  m a t h e m a t i c a l  programming i s ,  i n  t h e  s e n s e  

o f  a t t e m p t e d  a p p l i c a t i o n s  when t h e s e  c o n d i t i o n s  a r e  n o t  met.  The p r i n c i p a l  

d a n g e r  i s  t h a t  a  l o c a l  optimum may be  m i s t a k e n  f o r  a g l o b a l  optimum. There-  

f o r e  a few remarks  a r e  i n  o r d e r  a b o u t  t h e  c o n v e x i t y  c o n d i t i o n s .  

Kormal ly ,  i t  i s  a  f a i r l y  s t r a i g h t f o r w a r d  m a t t e r  t o  i n s u r e  

c o n v e x i t y  of t h e  f e a s i b l e  s e t  Eor t h e  b e h a v i o r a l  problem. I t :  i s  n o t  a lways  

c  l u n r ,  I~owever ,  t h a t  t h e  f e a s i b l e  s e t  Eor t h e  p o l i c y  problem a l s o  i s  convex.  

I t  s h o u l d  b e  s a i d  f i r s t ,  i n  t h e  a l g o r i t h m i c  s p i r i t  o f  t h i s  p a p e r ,  t h a t  t h e r e  

e > . i s t  s in ambiguous s o l u t i o n s  t o  t h e  problem of  nonco lnvex i t i e s ;  t h e y  i n v o l v e  

u s e  of c x i s t i n g  f e a t u r e s  of s o l u t i o n  r o u t i n e s  f o r  ma themat ica~ l  progranming.  

One way is t o  d e c l a r e  some o f  t h e  impact  v a r i a b l e s  . i n t e g e r  and 

t o  u s e  branch-and-bound methods t o  %ombine our  a l g o r i t h m  with1 t h e  mixed- * 
i n t e g e r  p r o c e d ~ r e s .  A more elegant method, which does  n o t  r e q u i r e  c e r t a i n  

knowledge o f  t h e  v a r i a b l e s  i n  which t h e  n o n c o n v e x i t i e s  a p p e a r ,  is  t o  

u t i l i z e  f e a l u r e s  o f  t h e  new " s p e c i a l  o r d e r e d  s e t s "  commercia l  a l g o r i t h m s  

for m a t h e m a t i c a l  programming. 



Corn 
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Figxre  I :  Feasible Sets  

F l g u r e  1 i l l u s t r a t e s  tile n a t u r e  of t h e  f e a s i b l e  s e t s  t h a t  w e  a r e  

ccncerned  w i t h .  I n  t h i s  example,  f o r  t h e  e n t i r e  a g r i c u l t u r a l  s e c t o r  t h e  

o c t c r  f r o n t i e r  EF r e p r e s e ~ t s  t h e  t e c h n o l o g i c a l  maxima i n  p r o d u c t i o n :  i t  is  

- - - t l  c " technology  f r o n t i e r " .  However, i f  consumer demallds f o r  a j p i c u l t u r a l  * * . 
p r o d u c t s  have a n  e l a s t i c i t y  which i s  less t h a n  u n i t y  i n  a b s o l u t e  v a l u e ,  i n  

-:clno r a n g e  of p r i c e s ,  then  p r o d u c e r s  may no t  a t t a i n  maximal. p r o f i t s  by 

p roduc ing  a t  t h e  t e c h n o l o g i c a l  maximum. I f  t h e i r  o b j e c t i v e  f u n c t i o n  ( f 2 )  

is p r o f i t s ,  then t h e y  nay s e l e c t  a p o i n t  l i k e  A ,  i n  t h e  a b s e n c e  of p o l i c y  



cI13ngcs. I t  i s  i m p o r t a n t  t o  n o t e  t h a t ,  i n  t h e  absence  o f  market  d i s t o r t i o n s ,  

rlie p o i n t  A w i l l  l i e  on t h e  t echr :o log i sa l  f r o n t i e r  ( p r o d u c t i o n  p o s s i b i l i -  

-ir 
t i c s  f r o n t i e r )  i n  t h e  f u l l  s- d imens iona l  s p a c e  of  b e h a v i o r a l  v a r i a b l e s  x -1' 

L u t  tlie s p a c e  o f  impact  v a r i a b l e s  x i s  o f  d i m e n s i o n a l i t y  r<s , and i n  -1 - 
r e a l i t y  i t  is always t h e  c a s e  that: r<s. I n  o t h e r  v o r d s ,  p ~ o l i c y  makers  

a r e  i n t e r e s t e d  i n  o n l y  a s u b s e t  o f  t h e  t o t a l i t y  of  economic v a r i a b l e s  i n  

t h e  wor ld .  Hence any p r o j e c t i o n  o f  t h e  s- d imens iona l  s o l u t i o n  o n t o  t h e  

r - d i m e n s i v a a l  h y p e r p l a n e  w i l l  a l m o s t  c e r t a i n l y  l i e  i n s i d e  t h e  f r o n t i e r  i n  

r- s p a c e .  

P o l i c y  changes  c a n ,  of  c o u r s e ,  a l t e r  t h e  a b s o l u t e  and r e l a t i v e  

p r o f i t a b i 1 i e . y  l n v e l s  o f  t h e  two k i n d s  o f  p r o d u c t i o n  shown i n  F i g u r e  1. 

\ < i t t i  a n  u n l i m i t e d  a b i l i t y  t o  s u b s i d i z e ,  t h e  government c o u l d ,  v e r y  

p ro l )ab ly ,  i ~ l d u c c  p r o d u c e r s  t o  move t o  t h e  t e c h n o l o g i c a l  f r o n t i e r  EF. How- 

e v e r ,  t h e  domain o f  p o l i c y  i n s t r u m e n t s  i s  a lways r e s t r i c t - d ,  and s o  t h e  

maximum o b s e r v a b l e  l e v e l s  o f  p r o d u c t i o n ,  a l l o w i n g  f o r  v a r y i n g  p o l i c y  

i n d u c c n ~ c n t s ,  may b e  c h a r a c t e r i z e d  by t h e  f r o n t i e r  CD. The s e t  OCD i s  t h e  

f c , i s i b l e  s e t  f o r  t h e  p o l i c y  problem. Its f r o n t i e r  is  d e f i n e d  by (a) t h e  ---- - 

4 beil ; iviornl  o b j e c t i v e  f u n c t i o n ,  ( b ) , t h e  f e a s i b l e  v a l u e s  o f  p o l i t y  i n s t r u -  

:.'en t s , and s t r a i n t s  t o r a l  problem. The f r o n t i e r  
- 

m,Jy be c a l l e d  t h e  p o l i c g - b e h a v i o r a l  f r o n t i e r ,  f o r  s h o r t .  - 
C 

In  t h e  examplg o f  F i g u r e  1, s u b s i d i z i n g  wheat may i n d u c e  produ- * - 
c c r s  t o  move from i n t e r i o r  p o i n t  A t o  p o i n t  E on t h e  f r o n t i e r  o f  t h e  

p o l i c y  p rob lem's  fcas i : l e  s e t .  A subsequen t  redeploymect  of  p o l i c y  i n s t r u -  

ments i n  t l ie  d i r e c t i o n  o f  c o r p  i n c e n t ' v e s  would t h e n  move p r o d u c e r s  a l o n g  

the pc) l i cy-behav iora l  E r o n t i e r  towa.rd p o i n t  G .  The c o n v e x i t y  r e q u i r e m e n t  



is t h a t  t h e  marg ina l  r a t e  o f  s u b s t i t u t i o n  of c o r n  f o r  wheat a l ong  t h a t  --- 

f r o r ~ t i e r  be  n e g a t i v e  and dec r ea s ing .  - 

I n  o t h e r  words ,  once a t  p o i n t  B ,  then  w i t h  t h e  - n o s t  e f f i c i e n t  

i n s t rumen t  f o r  i nduc ing  more corn product ion,-  lo' t h e r e  must be  d e c r e a s i n g  

r e t u r n s  i n  co rn  p e r  u n i t  o f  wheat g iven  up. T h i s  i s  a  r e a sonab l e  r e q u i r e-  

men t .  

I f  we d e f i n e  a  s e t  of r e a c t i ~ n  f u n c t i o n s :  

= h .  (u) a l l  j 
3 - 

w l ~ e r e  
yj 

j s  t h e  l e v e l  of t h e  j t h  impact v a r i a b l e ,  and 

u  i s  t h e  v e c t o r  of p o l i c y  v a r i a b l e s ,  - 

then  a v e r y  s t r o n g  s u f f i c i e n c y  c o n d i t i o n  would b e  t h a t  t h e  Hessian of 

p a r t i a l  d e r i v a t i v e s  

bc n e g a t i v e  s e m i- d e f i n i t e .  Unfo r tuna t e ly ,  i n  many c a s e s  c o n d i t i b n  (26) 

cannot  e a s i l y  be  a s c e r t a i n e d  by ex  a n t e  examina t ion  of problem s t r u c t u r e .  
* - 

I:ai l u r e s  t o  meet .(26) may b e  r e a d i l y  e v i d e n t ;  b u ~  absence  of f a i l u r e  t o  
L 

mcct t h e  s u f f i c i e n c y  c o n d i t i o n  i s  d i f f i c u l t  t o  e s t a b l i s h .  (1ko examples 
a 

where (26) does  n o t  ho ld  a r e  g iven  below.) - 
Using t h e  n o t a t i o n  of s e c t i o n  4 ,  t h e  Kuhn-Tucker nece s sa ry  con- 

d i  t i o n s  f o r  a maximum t o  t h e  one- leve l  problem :an b e  w r i t t e n :  

-- - - 
I K i t i l  i n s t r i m e i l t s  o t h e r  than t h e  most e f f i c i e n t  one,  tfie new -- 

s o l u t i o n s  would Lie a t  i n t e r i o r  p o i n t s  i n  t h e  s e t  OCD. 



T h a t  

0 
be  a t  a s a d d l e  p o i n t .  Tha t  is,  x is a n  b e h a v i o r a l  optimum s o l u t i o n  -1 

( o n e- l e v e l  o p t i m a l )  t o  t h e  one- leve l  problem i f ,  and o n l y  i f ,  t h e r e  

0 
exist non- nega t ive  m u l t i p l i e r s  X1 , such  t h a t :  

The Kuhn-Tucker n e c e s s a r y  c o n d i t i o n s  f o r  a  s a d d l e- p o i n t  a r e :  

Gjven t h i s  same n o t a t i o n ,  w e  can w r i t e  t h e  two- level  problem 

a max 



si(-xl I z2) = 0 (32; 

0 
wllcre x s a t i s f i e d  t h e  Kuhn-Tucker necessary  cond i t i ons  f o r  t h e  one- level  - 1 

problem. Following Kuhn-Tucker, w e  can say  t h a t  a  necessary  c o r ~ d i t i o n  f o r  

t l ~ e  two-l eve1  problem t o  be a maximum is t h a t :  

0 0 
be  a t  a saddle- poin t .  That is  xl, r2 is  a p o l i c y  opt imal  (two- level 

op t imal )  s o l u t i o n  i E ,  an2 only  i f ,  t h e r e  e x i s t  non- negative m u l t i p l i e r s  

- - 0 

2 
i = 0, I, ... , m), scch t h a t  

T h c  necessary  cond i t i ons  f o r  t h i s  saddle- poin t  can now be  w r i t t e n .  
. I r 



?'he p roof  f o l l o w s  t h e  same form as t h e  Kuhn-Tucker o n e- l e v e l  

Two examples o f  non-convex p o l i c y  problems,  due t o  e a r l y  c r i t i c s  

of  t h i s  pzper,G' w i l l  s e r v e  t o  emphasize  t h a t  t h e  c o n v e x i t y  r e q u i r e m e n t s  

of t h e  a l g o r i t h m  a r e  n o n- t r i v i a l .  

11 Kon-Linear Son-Convex Problem 

Suppose t h e  p o l i c y  makers '  o b j e c t i v e  f u n c t i o n  is 

Max G = f2 (V,  W) (36)  
W 

and t h e  b e h a v i o r a l  o b j e c t i v e  is 

wi t l l  

T h e  b e h a v i o r a l  o b j e c t i v e  may b e  though t  of  a s  t h e  c o m p e t i t i v e  market  max- 

imnnd [ 7 ] ,  with - 
2 
P - X = o u t p u t  - - 
* I! - L = l a b o r  i n p u t  

. 
P = p r i c e  of t h e  o u t p u t  

V = p r o f i t s  i n  p r o d u c t i o n  

k' = wage r a t P  

------ 

11/ ( : l i v e  B e l l ,  Shantayanan Devara jan ,  and P a s q u a l e  Scandizzo.  -- 



wc have 

1 
N o w  i f  a = - , then  by (41) ,  

2  

and 

Thcref o r e  2  v = 2 ~ ( 1  - a )  a / ( 2 ~  + b j 2  = k ~ /  (ZW .+ b )  
2  

Thus t h e  po l i cy- behav io r a l  f r o n t i e r  i n  (V,W) is non-convex. 

Seine p o r t i o n  of t h i s  non- convexity may be  a t t r i b u t a b l e  t o  a  p a r t i a l -  

e q u i l i b r i u m  model s p e c i f i c a t i o n ,  where demand i s  assumed independent  of 

it~corne. Neve r the l e s s  ( 3 7 )  t o  (40) is  t h e  s o r t  of  model sometimes 

c o n s t r u c t e d  i n  p a r t i a l  a n a l y s e s .  

I f  t h e  impact v a r i a b l e s  were (V,X) o r  (V,L), t h e  s u f f i c i e n t  

c o n d i t i o n s  would b e  s a t i s f i e d  i n  t h e  r e l e v a n t  r anges .  F i g u r e  2  shows 

t h e  approx imate  shape of t h e s e  f u n c t i o n s ,  and owing t o  (weak) corrcavity 

ut t h e  p o l i c y .  o b j e c t i v e  f u n c t i o n ,  t h e  a r e a s  t? t h e  l e f t  of and below t h e  

d o t t e d  l i n e s  a r e  i r r e l e v a n t .  - - 



Figure 2: Policy-Behavioral 7ron t iers  

I 
Numerous comments c a n  b e  made a b o u t  t h e  r e a l i s m  of  t h i s  example,  

a l t e r n a t i v e  s o l u t i o n  p r o c e d u r e s ,  e t c .  The p o i n t  is t h a t ,  a s  s t a t e d  i n  

i t  does  n o t  f i t  i n t o  t h e  a l g o r i t h m  of  s e c t i o n s  (36) - ( 4 0 ) ,  w i t h  a = - 2 '  

5-7. The same i s  t r u e  o f  t h e  o t h e r  i l l u s t r a t i o n  below. 

A D i s c o n t i n u o u s  Problem . 
Thi:: counter- example  concerns  a n  a g r i c u l t u r a l  l a n d l o r d  and h i s  

- - 
t e n a n t  f a r m e r .  The t e n a n t  c a n  a l l o c a t e  h i s  f i v e  a c r e s  of  l a n d  between '9 

C 

c o t t o n  and b e a n s .  Y i e l d s  a r e  c o n s t a n t  and revenue  f o r  each  c r o p  i s  - * 
!e 

p r o p o r t i o n a l  t o  t h e  a c r e a g e  i n  t h a t  c r o p .  An a c r e  of c o t t o n  y i e l d s  $100 I 

w h i l c  a n  a c r e  of  beans  y i e l d s  $60. The l a n d l o r d  c a n  s e t  t h e  s h a r e  a of  

c o t t o n  r e v e n u e  t o  b e  p a i d  t o  him, b u t  h e  r e c e i v e s  no income from b e a n s .  

~ l s s u m i n g  b o t h  l a n d l o r d  and t e n a n t  a t t e m p t  t o  maximize r e v e n u e ,  *what s h o u l d  

they do? I f  t h e  l a n d l o r d  s e t s  a > 0 . 4 ,  t h e  t e n a n t  grows o n l y  beans .  



I Ilcnce t h e  l a n d l o r d  would l i k e  t o  s e t  a e x a c t l y  a t  0 .4 .  But u n f o r t u n a t e l y  

I a t  t h a t  p o i n t  t h e  t e n a n t  is i n d i f f e r e n t  between growing c o t t o n  and beans ,  

! 
\ and s o  t h e  s o l u t i o n  i s  i nde t e rmina t e .  Again,  t h e  algorithm does n o t  app ly .  
I 

T h i s  paper  ha s  d e f i n e d  a  new c l a s s  of " mul t i- l eve l  programming" 

problems,  o f  which m a t h e w t i c a l  programming is  a  s u b s e t  ( i . e .  i t  is  one- 

l e v e l  p r o g r a m i n g ) .  One c o n c r e t e  and r e l e v a n t  f i e l d  of e m p i r i c a l  

a p p l i c a t i o n  r e l a t e s  t o  economic p o l i c y  problems,  where d e c i s i o n  makers can 

bc  a r r anged  i n  some s o r t  o f  h e i r a c h i c a l  o r d e r  and,  f o r  lower- leve l  d e c i s i o n  

makers,  t h e  v a r i a b l e s  under t h e  c o n t r o l  of h i g h e r- l e v e l  d e c i s i o n  makers 

can  be  t aken  a s  g iven .  

An a l g o r i t h m  and numer ica l  example have been g iven  f o r  a  ve ry  

f u n c t i o n s  a r  t h e  
.. . 

Perhaps  t h e  most impor tan t  c o n t r i b u t i o n  of  t h i s  paper ,  h ~ ~ e v e r ,  

is t o  p rov ide  a f o r m a l , , p o t e n t i a l l y  q u a n t i t a t i v e ,  framework f o r  t h e *  
I e 

a n a l y s i s  o f  p o l i c y  problems. I t  p l a c e s  i n  h i g h  r e l i e f  t h e  q u e s t i o n s :  vho 

c o n t r o l s  which v a r i a b l e s ?  And, what m o t i v a t e s  them t o  p r e f e r  one s e t  of 

v a l u e s  t o  a n o t h e r ?  T h i s  approach g i v e s  p r e c i s e  c o n t e n t  t o  t h e  f r e q u e n t  

w ob: 'ervat ion t h a t  j u s t  because  i t  is t e c h n i c a l l y  p o s s i b l e  does  n o t  mean i t  

is ~ o l i  t i ca l l : !  p o s s i b l e .  

Th i s  o b s e r v a t i o n  a l s o  r e l a t e s  t o  t h e  u s e  of shadow p r i c e s  i n  

~ ~ r o . j e c t  e v a l u a t i o n ,  c . g . ,  t h e  c a s e  where t h e r e  is  s e v e r e  unernpllojrnent 

ant1 n wage r a t e  l c s s  than t h e  market wage i s  used t o  e v a l u a t e  p r o j e c t  



c o s t s .  The l o g i c  of  t h i s  approach is impecab le ,  where  t h e  goJernment d o e s  

L ~ I C I ~ L C ~  c o n t r o l  t h e  i n v e s t m e n t  d e c i s i o n ;  b u t  i f  p r i v a t e  i n v ~ e s t o r s  a r e  

i n v o l v e d  t h e y  may n o t  p roceed  u n l e s s  t h e  p r o j e c t  i s  v i a b l e  a t  t h e  n a r k e t  

wage. M u l t i - l e v e l  prograrra ing a l l o w s  u s  t o  a d d r e s s  t h e  q u e s t i o n :  what 

l e v e l  o f  o u r  p o l i c y  i n s t r u m e n t s  w i l l  i n d e e d  encourage  p r i v a t e  i n v e s t o r s  

t o  p roceed  i n  t h e  way d e s i r e d  by government p o l i c y  makers ,  who may p l a c e  

a Iiigh s u b j e c t i v e  w e i g h t  on employment g e n e r a t i o n .  

We have a l s o  emphasized t h a t  w h i l e  t h e  d i s t i n c t i o n  between 

p o l i c y  and  b e h a v i o r a l  (two- and o n e- l e v e l )  v a r i a b l e s  h a s  been known f o r  

many y e a r s ,  q u a n t i t a t i v e  models e x p l i c i t l y  r e f l e c t i n g  t h i s  knowledge have  

n o t  been  b u i l t .  T h i s  means t h a t  w e  a r e  i n t o  a  new f i e l d ,  s o  t h a t  t h e  

s o l u t i o n  c h a r a c t e r i s t i c s  of  even two- leve l  problems a r e  n o t  w e l l  known. 

Gle Iiave, however, shown t h a t  even where  t h e  o n e- l e v e l  problem i s  l i n e a r  

a n d  convex ( a  l i n e a r  programming problem,  i n  f a c t ) ,  and t h e  two- leve l  

~ ~ r o b l e r n  i n v o l v e s  c o n t i n u o u s  v a r i a b l e s ,  y e t  t h e  s o l u t i o n  s p a c e  of t h e  two- 

l e v c l  problcm may n o t  b e  convex,  and i t  may n o t  b e  c o n t i n u o u s  e i t h e r .  

I t  is  t h e  a u t h o r s '  b e l i e f  t h a t  t h e  more complex t h e  problem,  
1 e 

t l ic  more i m p o r t a n t  i t  is t o  have a  f o r m a l  a n a l y t i c a l  framework wit,!j.n 

w t ~ i c l ~  t h e  problem can  b e  e x p l i c i t l y  d e f i n e d .  T h i s  paper  is i n t e n d e d  t o  - - 
b c  a m o d s t  s t e p  toward expanding t h e  r a n g e  of  problems which can b e  - - 
c x p r c s s e  i n  f o r m a l  frameworks.  3 w .. . 
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